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A measurable map F on a measure space induces a representation I1 of a Cuntz
algebra Oy when F satisfies a certain condition. For such two maps F and G and
representations I, and I1; associated with them, we show that I1; is the restriction
of Il when G is a jump transformation of F. Especially, the Gauss map 7; and the
Farey map o induce representations I, of O, and that HUl of O,, respectively,
and l_[Tl=l_[Ul|Ooo with respect to a certain embedding of O.. into O,. © 2009
American Institute of Physics. [DOI: 10.1063/1.3081386]

I. INTRODUCTION

The purpose of this paper is to show a new relation between dynamical systems and operator
algebras. The former means jump transformations in metric number theory and the latter does an
embedding of Cuntz algebras. In this section, we show our motivation and main theorem.

A. Motivation

We explain our motivation in this subsection. Mathematical details will be shown in Secs. I B,
IC, and IIL

As is well known, metric number theory has originated as Gauss’ problem about the
asymptotic behavior of iterations of the regular continued fraction transformation. In modern
times, the theory is formulated as a measure theoretical dynamical system.6’13 For a measure space
(X, ), let F be a measurable map from X to X which may not be invertible. We call the triplet
(X, m,F) a (measure theoretical) dynamical system. For example, the Gauss map (or the continued
fraction transformation) 1, on the closed interval [0,1] defined by

1
- (x#0),
X

1
nx)=\x (1.1)
0

(x=0),

gives an important dynamical system ([0, 1],\, 7;) with respect to the Lebesgue measure N where
[-] denotes Gauss’ symbol (or the floor function). The second and third authors have studied a
generalization of the continued fraction transformation in metric number theory.3

On the other hand, the first author has studied representations of Cuntz algebras and Perron—
Frobenius operators.®> A dynamical system (X, u,F) induces a representation (L,(X,x),II;) of a
Cuntz algebra when (X, u,F) satisfies a certain condition. Properties of (L,(X,u),I1;) are char-
acterized by (X, u,F). As an application, such a construction is used to construct type III factor
representations of Cuntz—Krieger algebras (Ref. 10, Sec. 1.3).

These two different studies have the following common problem in dynamical system.

Problem 1.1: For a given map F on a set X, find an F-invariant (or F-preserving) measure ju
of X, that is,
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w(F(E)) = w(E) (1.2)

for every u-measurable subset E of X.

For example, a solution of Gauss’ problem is given by an invariant measure of the Gauss
map,é’13 and there exists a relation between an invariant measure and the representation of Cuntz—
Krieger algebra arising from the dynamical system.8

The new idea in this paper is to show a relation between (the construction of) jump transfor-
mation and an embedding of O, into O,, where O, and O, denote Cuntz algebras which will be
explained in Sec. IB 1. Let F and G be two maps, and let II; and II; denote representations
associated with them, respectively. We show that I1; is the restriction of II; when G is a jump
transformation of F (Theorem 1.5). Especially, the Gauss map 7, and the Farey map o, induce
representations l'IT1 of O, and that HU. of O,, respectively, and l'[,l=1_l(,l |@m with respect to a
certain embedding of O, into O, (Sec. III B).

B. Representations of Cuntz algebras arising from dynamical systems

In this subsection, we explain representations of Cuntz algebras arising from dynamical sys-
tems according to Ref. 8.

1. Cuntz algebras

For N=2,3,...,+%, let Oy denote the Cuntz algebm,4 that is, a C*-algebra which is univer-
sally generated by s, ...,sy satisfying
S:Sj=5ul for i,j=1,...,N, (13)
N
Dssi=l (if N< +0), (1.4)
i=1
k
Dssi=1 for k=12,...(if N= +%), (1.5)

i=1

where I denotes the unit of Oy,

Since Oy is simple, that is, there is no nontrivial closed two-sided ideal, any unital homomor-
phism from Oy to a C*-algebra is injective. If 7, ... ,ty are elements of a unital C*-algebra 2| such
that ¢, ...,y satisfy the relations of canonical generators of Oy, then the correspondence s, f;
for i=1,...,N is uniquely extended to a *-embedding of Oy into 2 from the uniqueness of Oy.
Therefore we call such a correspondence among generators by an embedding of Oy into 2.

Assume that s, ...,sy are realized as operators on a Hilbert space H. According to (1.3) and
(1.4), H is decomposed into orthogonal subspaces as s, H @ - - - ® syH. Since s; is an isometry, s;H
has the same dimension as H. From this, we see that there is no finite dimensional representation

of Oy which preserves the unit. The illustration (Fig. 1) is helpful in understanding s, ...,sy.
H
i 4
s1H e siH e SNH

FIG. 1. Action of the Cuntz algebra Oy on a Hilbert space N.
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2. Representations of Cuntz algebras

We introduce (Ref. 1, Chap. 2). Let (X,u) be a measure space and Qy={1,...,N} for 2
=N<owand Q,=N={1,2,3,...}. Let F be a measurable map on (X, u). Define the new measure
peF on X by (ueF)(E)= u(F(E)) for ECX. For 2=N =00, a family f={f;:i € Qy} of maps on X
is a branching function system if

(i)  f; is a measurable map from X to X for each i,

(i) if A;=fi(X), then u(X\U;cq A)=0 and u(A;NA;)=0 when i # j,

(iii) ~ there exists the Radon-Nikodym derivative ®; of ueof; with respect to u and ®;>0
almost everywhere X for each i.

A map F on X is called the coding map of a branching function f={f;:i € Oy} if Fef;=idy for
each i. By definition, F is measurable and ® exists.

Let L,(X, i) denote the Hilbert space of all square integrable complex valued functions on X.
For a branching function system f={f;:i € Qy} with the coding map F, define the family
{8(f;):i € Qu} of operators on L,(X, u) by

S BH0) = xa (0) {PL)} - p(F() (¢ € Ly(X,p),x € X), (1.6)

where x, denotes the characteristic function of A;. From this, adjoint operators {S(f;)":i € Qy} are
given as follows:

{S(F)" #H0) = {0} (fix)) (¢ € Ly(X,p)x € X). (1.7)

Then we can verify that S(f;) is an isometry for each i.
Lemma 1.2: For i,j € Qy, define (f;°f;)(x) = fi(f,(x)). Then the following holds:

SIS =S(fief) (i.j e Qy). (1.8)
Proof: Let ¢p e L,(X, ). By (1.6),

{SUDSU) Bx) = xa (P2 xs (FOOHP(F ()} S(F2(x) (1.9)
for x e X and i,j € Q. On the other hand, we see that {f;°f;:i,;j € {5} is also a branching function

system on X with the coding map F? by identifying QX Qy with Q,2, where F>=FoF. Hence
the operator S(f;of;) is well defined which is given as follows:

{82 £) BHx) = Xy 00(x) - {Pp2(X)} 2 H(F(x)) (1.10)
for xeX and i,jeQy. In (1.9), we can directly verify that x, (x) XAj(F (x)= X(ff‘f/)(X)(x) and
D p(x)Pp(F(x))=Dp2(x) for almost all x € X. From these and (1.10), the statement holds. |

Let {s;:i € (5} denote canonical generators of Oy. For a branching function system f={f;:i
e Oyt

mds;) =S(f) (i € Qy) (1.11)

defines a representation (L,(X,u), ) of the Cuntz algebra Oy because {S(f;):i e Qy} satisfy
relations of canonical generators of Q. Especially, branching function system f={f|,f>} and g
={g,:i € N} define a representation of O, and that of O,,, respectively. Examples will be shown in
Sec. III.

Remark 1.3: For a dynamical system (X, u,F), a branching function system with the coding
map F' is not unique even if it exists. Therefore the representation 7 of Oy, arising from (X, u,F)
depends on the choice of a branching function system with the coding map F.



033501-4 Kawamura, Lascu, and Coltescu J. Math. Phys. 50, 033501 (2009)

C. Main theorem

In this subsection, we show our main theorem. For this purpose, we introduce jump transfor-
mation according to Ref. 13.

Definition 1.4: Let (X, u,F) be a dynamical system. Assume that A is a measurable subset of
X such that

w(X\ U F(A)) =0. (1.12)
n=1

(i)  For the pair (F,A), the map e from X to Z-,=1{0,1,2,3,...} is called the first entry
time of (F,A) if
e(x) =min{k € Z_y:T'(x) € A} (x € X). (1.13)
(i)  For the pair (F,A), define the map Jp 4 from X to X by

Jpalx) = FOYx)  (x e X). (1.14)
(iii)  We call Jp 4 the jump transformation of (F,A).

We briefly explain the meaning of jump transformation as follows. The assumption (1.12)
means that it surely takes finite time such that x enters the subset A with respect to the discrete
time evolution

x— F(x) (1.15)

for almost all x € X. From this explanation, we can also understand the meaning of the first entry
time. For x € X, assume n=e(x) <. Then the transformation Jx 4, maps x in Fig. 2.

Let {t,,2,} and {s,:n € N} denote canonical generators of Cuntz algebras O, and O.., respec-
tively. Assume that O, is embedded into O, by

s, =07 (n=1), (1.16)
where we write 1, =1 for convenience. This embedding induces the restriction of representations
of O, on O,

Rep O, 5 w7y e Rep O.,.

Theorem 1.5: Let (X, u,F) be dynamical system such that F is the coding map of a branching
function system f={f,.f>}. Assume that A, = f,(X) satisfies (1.12) with respect to (X, . F). Let
denote the representation of O, associated with f in (1.11). Let JFA1 be as in (1.14) for (F,A,).
Then the following holds.

(1) There exists a branching function system g={g,:n € N} on (X, u) with the coding map Jra,
such that the representation , of O., coincides with the restriction 7'rf|0oo of mpon O, with
respect to the embedding in (1.16), that is,

w
~— T

JF A

FIG. 2. Jump transformation.
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o, = . (1.17)

(ii)  If @ is the density of an invariant measure with respect to F, that is,

V(E)Ef ¢()dulx) (ECX) (1.18)
E

defines an F-invariant measure v of X and ¢ belongs to L(X, u), then the function iy on X
defined by

W) ={{m ()P (e X) (1.19)
is the density of an invariant measure of J 4, where\e"Tb(x) = \’%'

We summarize Theorem 1.5, part (i) as follows:

Map Cuntz algebra

F Representation of O,=C*({t,,5,})

G Representation of O,.=C*({s,:n e N})
G=Jp,, 5=t

Remark 1.6:

(1) We stress that the jump transformation (1.14) and the embedding (1.16) are independently
introduced in different studies. Theorem 1.5 is a casual discovery. We see that the index
e(x)+1 of F*W*!(x) and the index n—1 of the element #, of the equation s,=#;'7, fit like
a glove in the proof of Theorem 1.5. This is an interesting accidental coincidence.

(i)  From Theorem 1.5, we see that a jump transformation gives a geometric realization of the
embedding of O, into O, in (1.16). On the other hand, the embedding in (1.16) appears in
the construction of a unitary isomorphism between the Bose—Fock space and the Fermi—
Fock space.9 From this, we suspect the existence of a behind mathematical structure among
dynamical system, operator algebra, and quantum field theory.

(iii)  Apparently, an embedding of O, into O, is not unique. For example, the following is one
of other embeddings of O, into O,:

s, =0 (Lt +1665)  (n=1). (1.20)

Therefore the choice of the embedding (1.16) is also an interesting accident.

(iv) It is well known that there are many other natural embeddings between Cuntz algebras, for
example, O;— O,. Hence one can expect that similar results hold for all such cases,
mutatis mutandis. However, we cannot find a jump transformation for such embeddings
yet. About relations between embeddings and representations, refer to Ref. 7.

In Sec. II, we prove Theorem 1.5. In Sec. III, we show examples of Theorem 1.5.

Il. PROOF OF THEOREM

We prove Theorem 1.5 in this section.
Theorem 2.1: (Reference 13, Sec. 19.2.1) Let (X, u,F) be a dynamical system and assume
that u is F-invariant and a measurable subset A of X satisfies (1.12). Define the new measure v by

v(E)=w(FY(E)NA) (ECX). (2.1)

Then v is invariant with respect to the jump transformation of (F,A).

Lemma 2.2: Letr (X, w,F) be a dynamical system, and let v, and v, be other measures on X.
Assume that vy, v, and u°F are absolutely continuous with respect to w. We write ¥,=dv;/du for
i=1,2 and ®Pp=d(u°F)/dw. Then the following are equivalent:



033501-6 Kawamura, Lascu, and Coltescu J. Math. Phys. 50, 033501 (2009)

(1) V= V2°F.
(i) ¢ =DPp- (Yo F) almost everywhere in X.

Proof: By using the chain rule of Radon—Nikodym derivatives, the statement holds.

From Lemma 2.2, the following holds.

Corollary 2.3: For a,beR, a<b, let [a,b] and (a,b) denote the closed interval and the
open interval. Let F be a piecewise differentiable map from (a,b) to (a,b) with the differential F’
and let v, and v, be measures on [a,b]. Assume that v,,v, and N\°F are absolutely continuous
with respect to the Lebesgue measure \ on [a,b]. Define s;=dv;/d\ for i=1,2. Then the follow-
ing are equivalent:

(1) V1=V2°F.
(i)  y=|F'|- (o F) almost everywhere in [a,b], where |F'|(x) =|F'(x)| for x € (a,b).

Proof of Theorem 1.5:

(1) Define the branching function system g={g,:n € N} on X by

gG=r"fi (m=1). (2.2)

Since f is a branching function system, we can verify that g is a branching function system
on X. From (1.16) and (1.8),

7T_f(5n) = Ff'(fz)n_lﬂf(tl) = S(fz)n_ls(fl) = S(fg_] °f1)=5(g,) = Wg(sn)~
Hence (1.17) holds. If G denotes the coding map of g, then
G(x) =g;l(x) = (]‘I1 Ofg'”l)(x) when x € g,(X), neN. (2.3)
Remark gn(X)=f;_1(A1) for each n e N. On the other hand, when x € g,(X), e(x)=n—1.
From this, J FA, satisfies that
Tpa (0) = F'(x) = (i o ") (). (2.4)

From (1.14), G=J FA, holds almost everywhere in X. Hence the statement holds.
(i)  Define measures v, and v, of X by

v (E) = f P(x)du(x), vy(E)= f P(x)du(x) (2.5)
E E
for each measurable subset E of (X, ). From (1.19) and the definition of 7,
P = {8 VB0 = By (1) - $lF, (). (2.6)
From Lemma 2.2,
Vo(E) = (030 [1)(E) = vy(F(E) N A)). (2.7)
From Theorem 2.1, the statement holds. |

lll. EXAMPLES

We show examples of Theorem 1.5 in this section. For convenience, we show formulas of
representations as follows. Assume that X=[a,b] and F is a piecewise differentiable map on X
which is the coding map of a branching function system {f;:i € Qy} on X for 2<N =00, Then (1.6)
is given as follows:

{my(s) pHx) = x4 CONV[F' (0)[p(F(x)), 3.1
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0 74 1/2 |

FIG. 3. Jump transformation of tent map.

{m(s?) p}(x) = VIf; ()| filx)) (3.2)

for i e Qy.

A. Tent map

As an introductory example of jump transformation, we show a tent map. Define the map A
by A(x)=1-|2x—1| on x€[0,1]. The map A is called a rent map.” Let A;=[1/2,1], and let
f2=(Al.12)™" and f;=(Al;/217)~". Then

fil)=1-172x, fo(x)=1/2x. (3.3)
Define g,=f3'of, for n=1. Then

2-x
gn(x) = — (3.4)
2
The coding map G of {g,:n € N} is given by
G(x)=2-2"x when 1/2"<x=1/2""". (3.5)
Hence the jump transformation is given as follows (Figs. 3 and 4):
Iaa,(0) =Gy =2 -2Moa "k (x  (0,1]). (3.6)

Both of these invariant probability measures are the Lebesgue measure. For f={f,,f>} in (3.3) and
g={g,:n €N} in (3.4), the representations (L,[0,1],7) of O, and that (L,[0,1],7,) of O, are
given as follows:

{71 BH) = X121 V2 (A X)),
{m{1) BHX) = X011 N2 (A ), (3.7)

{my(5,) B}(x) = X[ 2-0- (02" H(G(x)  (n=1). (3.8)

From (1.17), my|p_=,.
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0 1/2 |

FIG. 4. Tent map.

B. Gauss map and Farey map

It is well known that the Gauss map 7; in (1.1) is the jump transformation of the Farey map
o, "3 which is defined on [0,1] by (Fig. 5 and 6)

2
=——-1, 3.9
0= (3:9)
where A =[1/2,1].
Define two measures y and 6 on [0,1] by
1 dx
d = —, 3.10
7 log2x+1 ( )
d
dox) = 2. (.11)
X

The measure v is called Gauss” measure (Ref. 6, p. 16). Then 7y and 6 are invariant measures of 7;
and oy, respectively,14 where dx denotes the Lebesgue measure on [0,1]. Remark that the former
is finite but the latter is not.

173 1/2

FIG. 5. Gauss map.
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: ; %
0 1/2 ]

FIG. 6. Farey map.

For k=1, define g,=(r)"" on 1/(k+1)<x=1/k, and f1=(oy|p;)”" and f,
=(0o1|j0.12)~". Then {g;:k € N} and {f,,f,} are branching function systems on [0,1] with the
coding maps 7, and o, respectively. Furthermore,

1
gk(X)=m (k=1), (3.12)

0= == == (3.13)

+1 x+1

for x € [0,1]. We see that g;= f’;‘l of, for k= 1. From these, we obtain representations 7, and e,
of @, and O, on L,[0,1], respectively, which are written as follows:

X[l/(n+1),1/n](x)

(7, (5) ) = TS gl (1) (e N), (3.14)
Xt12,11(%) 1]( x)
{m,, (1) B} (x) = T2 (0 (),
{71, (1) 00 = HE walls )¢< () (3.15)

for xe[0,1] and ¢ € L,[0,1].

Remark 3.1: Remark that the invariant measure 6 of the Farey map in (3.11) is not finite.
Therefore Theorem 1.5, part (ii) does not seem to apply to this case. However, if one forgets that
the operator m, (¢;)" is defined as an operator from Ly[0,1] to L,[0,1], then we see that Theorem
1.5, part (ii) applies also to this case as follows. By definition,

{7, (1) $}(x) = —¢( n 1) (¢ € Ly[0,1],x € [0,1]). (3.16)

Although the density py(x) =1/x of 6 does not belong to L,[0,1],
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FIG. 7. .

W 1 1
{{W‘Tl(tl)*\'ypo}(x)}z = {m 1/ =

x+1

f-:
= (x e [0,1]). (3.17)

T x+1

Therefore the {{7'r01(t1)*\/%}(x)}2 is the density of Gauss’ measure 7y in (3.10) up to scalar multiple.
Hence Theorem 1.5, part (ii) holds for this case.
We summarize relations between maps and Cuntz algebras in this example as follows:

Map Cuntz algebra

Gauss map Representation of O,
Farey map Representation of O,
Jump transformation Embedding of O, into O,

C. A generalization of continued fraction transformation

In this subsection, we show an example of jump transformation associated with a generaliza-
tion of continued fraction transformation. Define the map 7, on [0,1] by (Fig. 7)

-1 Q*<x=2MkeN
) =12""x ( ) (3.18)

0 (x=0).

The map 7, was introduced by Chan.” The invariant probability measure w, of 7, is given as
follows [Ref. 2, (2.20)):

dx
logs (x+1)(x+2)

du,(x) = (x €[0,1]). (3.19)

For k e N, define g,=(n, |Xk)‘1 on X;=(27%,27%1], Then

gilx) = (x € [0,1)). (3.20)

L
21(x +1)
Define the map o, from [0,1] to [0,1] by (Fig. 8)
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oy(x) = 1 (3.21)

Then 7, is the jump transformation of (o,,A,) for A;=[1/2,1], and Gauss’ measure 7y in (3.10) is
o,-invariant.

Define maps f; and f, on [0,1] by

1
A= —— )= (322)
X 2

+1°

Then {f,,f>} is a branching function system on [0,1] with the coding map o,. We see that

g =ftofi (k=1). (3.23)
For f={f;.f>} in (3.22), the representation 7, of O, on L,[0,1] is given by

{”Tf(f1)¢}(x) = Xp12.11(0)(1 +X)¢<)lc - 1) )

{m12) BH) = X012\ 26(2) (3.24)
for ¢p € L,[0,1] and x €[0,1]. From this,

" 1 1
{m(t)) pH(x) = m¢<m>
" 1 1
{mdt;) P} (x) = \—5¢< Ex)' (3.25)
Define ¢y(x)=(1/log 2)(1/x+1). From Theorem 5, part (ii),

1
(1+07 1+ (1+0)2+x)

(x) = {{m( )V o} (0) 2 = (3.26)

In this way, the density ¢ of 7,-invariant measure u, in (3.19) is given up to scalar multiple.
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For further generalizations of 7; and 7,, see Ref. 3. About operator theory associated with
continued fractions, see Refs. 6, 12, and 13.
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1. Introduction

The purpose of this paper is to show a new relation between number theory and the represen-
tation theory of operator algebras. At the beginning, we show our motivation. Explicit mathematical
statements will be given after Section 1.2. The main theorems will be shown in Section 1.4.

1.1. Motivation

Continued fractions furnish important tools in number theory [9,11,16], and continued fraction
transformations induce typical dynamical systems [3,4,10,17]. It is well-known that the dynamical
system of the simple continued fraction transformation on the set of irrational numbers in the interval

* Corresponding author.

E-mail addresses: kawamura@kurims.kyoto-u.ac.jp (K. Kawamura), yoshiki.h@hy5.ecs.kyoto-u.ac.jp (Y. Hayashi),

lascudan@gmail.com (D. Lascu).

0022-314X/$ - see front matter © 2009 Elsevier Inc. All rights reserved.

doi:10.1016/j,jnt.2009.06.003


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:kawamura@kurims.kyoto-u.ac.jp
mailto:yoshiki.h@hy5.ecs.kyoto-u.ac.jp
mailto:lascudan@gmail.com
http://dx.doi.org/10.1016/j.jnt.2009.06.003

3070 K. Kawamura et al. / Journal of Number Theory 129 (2009) 3069-3080

[0, 1] is conjugate with the one-sided full shift on the set N*° = {(n;)i>1: n; € N for all i} [15] by using
continued fraction expansions where N={1,2,3,...}.

On the other hand, such dynamical systems induce representations of Cuntz algebras and their
relations were studied [12,14]. For example, the one-sided full shift on N*° induces the shift rep-
resentation of Oy, which acts on the representation space I;(N*°) [2]. The shift representation is
decomposed into the direct sum of irreducibles unique up to unitary equivalence and the decom-
position is multiplicity free. Every irreducible component in the decomposition is a permutative
representation, and any irreducible permutative representation appears in the decomposition.

From these facts, we are interested in a relation between continued fraction expansions of irra-
tionals and such representations of O, by the intermediary of the one-sided full shift on N°°. We
roughly illustrate relations among theories as follows:

One-sided full shift on N

continued fraction
expansion

shift representation

Irrationals in [0, 1] Representations of O

The position in the above question mark is the content of this study.
1.2. Continued fraction expansion map and continued fraction transformation on the set of irrationals
We review the continued fraction expansion map and the continued fraction transformation ac-

cording to [9]. Let [0, 1] denote the closed interval from 0 to 1, and let §£2 denote the set of all
irrationals in [0, 1], that is,

2=[0.1\Q (1)

Remark that we consider only §£2 but not the whole of [0, 1] in this paper. Any x € £2 has a unique
infinite continued fraction expansion [9, Theorem 170], that is, there exists a unique infinite sequence
(aj(x))i>1 of positive integers such that

X= . (1.2)
a(x) +

ax(x) +
az(x) + —

From this, we define the map CFE from £2 to N*° by

CFE(x) = (a;j(x)) (1.3)

i>1

It is known that the map CFE is bijective [9, Theorems 161, 166, 169]. We call CFE the continued
fraction expansion map. If x € £2 is a solution of a quadratic equation with integral coefficients, then
we call x a quadratic irrational.

Fact 1.1. (See [9, Theorem 177].) If x € £2 is a quadratic irrational, then there exist a finite sequence
(mq,...,m) e N'U {#} and a nonperiodic finite sequence (n1, ..., ny) € N¥ such that

CFE(Xx) =(mq,...,m;,n1, ..., M, N1, ..o, M, N, oo, Ny, L), (1.4)
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In Fact 1.1, we call (nq, ..., ny) the repeating block of CFE(x) [16, Chapter 3] where we suppose that
there is no shorter such repeating block and that the initial block does not end with a copy of the
repeating block. Hence the repeating block of CFE(x) is uniquely defined for each quadratic irrational
x in £2. The converse of Fact 1.1 is also true [9, Theorem 176].

1.3. Permutative representations of O
We review permutative representations of the Cuntz algebra O in this subsection.

13.1. O
Let Oy denote the Cuntz algebra [6], that is, a C*-algebra which is universally generated by
{si: i € N} satisfying

k
sisj=6;l (i,jeN), Zsisl’-‘gl (k eN), (1.5)
i=1

where I denotes the unit of O.

A x-representation of O is a pair (H,m) such that w is a x-homomorphism from O to
the C*-algebra L£(H) of all bounded linear operators on a complex Hilbert space H [1]. We call
x-representation as representation for simplicity of description. For two representations (H1, 1) and
(Ha, 1) of O, (H1,m1) and (Hy, ) are unitarily equivalent if there exists a unitary u from H;
onto H; such that umq(x)u* = m(x) for each x € O,. We state that a representation (H, ) of Oy
is irreducible if there is no invariant closed subspace of H except {0} and H; (H, ) is multiplicity free
if any two subrepresentations of (7, 7r) are not unitarily equivalent. A representation (H, i) is irre-
ducible if and only if the commutant {X € L(H): Xm(A) =m(A)X for all A € Oy} of m(O) equals
to CI.

Since O is simple, that is, there is no nontrivial closed two-sided ideal, any representation of
O« is injective. If {t;: i € N} are bounded operators on a Hilbert space H such that {t;: i € N} satisfy
(1.5), then the correspondence s; > t; for i € N is uniquely extended to a unital x-representation of
Os on H from the uniqueness of O.. Therefore we call such a correspondence among generators
by a representation of O on H. Assume that {s;: i € N} are realized as operators on a Hilbert
space ‘H. According to (1.5), H is decomposed into orthogonal subspaces as ;. SiH. Since s; is an
isometry, s;{ has the same dimension as . From this, we see that there is no finite dimensional
representation of Oy which preserves the unit. The following illustration is helpful in understanding
{si: ieN}:

The algebra O appears in quantum field theory [13] and metrical number theory [14].

1.3.2. Permutative representations
We review permutative representations in this subsubsection.

Definition 1.2. (See [2,7,8,13].) Let {s;: i € N} denote the canonical generators of O.

(i) A representation (H, ) of O is permutative if there exists an orthonormal basis £ (C ‘H) of H
such that 7 (s;)€ C £ for each i € N.
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(ii) For J = (jl);‘:1 e N¥ with 1 <k < oo, let P(J) denote the class of representations (M, ) of Ou
with a cyclic unit vector v e H such that 7 (s;)v=v and {7 (s}, -- ~sjk)v}§‘:1 is an orthonormal
family in H where s; =sj, ---sj,.

(iii) For J = (jpix1 € N*, let P(J) denote the class of representations (H,w) of Oy with a cyclic
unit vector v € ‘H such that {m(sj,)*v: n €N} is an orthonormal family in H where Jm) =
Uty -5 Jn)-

The vector v in both (ii) and (iii) is called the generalized permutative (= GP) vector of (H, ).

We recall properties of these classes as follows: For any J, P(J) in Definition 1.2(ii) and (iii) always
exists and it is a class of permutative representations, which contains only one unitary equivalence
class. From this, we can always identify P(J) with a representative of P(J) [2,7,8]. A representation
(H,m) of O is a permutative representation with a cycle (chain) if there exists J € N* for 1 <k < oo
(resp. J] € N*°) such that (H, ) is P(J). Details will be explained in Section 2.2.

1.4. Main theorems

We show our main theorems in this subsection. For this purpose, we construct two representa-
tions of O as follows. For a nonempty set A, let [;(A) denote the complex Hilbert space with an
orthonormal basis {e,: a € A}. We call {eq: a € A} the standard basis of I(A).

Definition 1.3. Let £2 be as in (1.1) and let {s;: i € N} denote the canonical generators of O.

(i) For i € N, define the map «; from £2 to £2 by

1
aix)=—— (xe ). (1.6)
X+i
Define the representation my, of Oy on I(£2) by

Ta(Si)ex =eq;xy (x€82,ieN). (1.7)

(ii) For i € N, define the map B; from N° to N*° by

Bi(ni,nz,..)=(@,n1,nz,...) ((n1,nz,...)eN®, ieN). (1.8)

Define the representation g of Oy on I(N°°) by

mg(si)ea =ep@ (aeN®, ieN). (1.9)
The representation (I(N*°), 7rg) is called the shift representation [2].
Then the following holds.
Theorem 1.4. Two representations (I2(£2), ) and (I,(N*°), 7wg) are unitarily equivalent.

From Theorem 1.4, we can compare irreducible components of (I2(£2),m,) with those of
(I2(N*°), mg) and consider how an irreducible component in (I3(§2), 7y) is realized. For this purpose,
we recall a well-known equivalence relation of real numbers as follows.
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Definition 1.5. (See [5,9,16].) If x and y are two real numbers such that

ay+b
X=
cy+d

(a,b,c,deZ) (1.10)

where ad — bc = £1, then x is said to be equivalent to y. In this case, we write x ~ y. The transfor-
mation (1.10) is called a modular transformation in a broad sense.

Remark that the transformation (1.10) for a, b, ¢, d with ad — bc =1 is also called a modular trans-
formation in a narrow sense.
According to the unitary equivalence in Theorem 1.4, the following holds.

Theorem 1.6. For x € £2, let [x] denote the equivalence class of x in §2 with respect to modular transformations,
thatis, [x] ={y € 2: y ~ x}. Let (I,(£2), 7ty be as in Definition 1.3(i).

(i) The following irreducible decomposition holds:

L= @ Hu (111)

[x]e2/~

where H(x denotes the closed subspace of I (£2) generated by the subset {ey,: y € [x]} of {e;: z € 2}.
(ii) Forx € £2, let njx) denote the subrepresentation of 7y associated with the subspace H(y) in (1.11), that is,

Nixl = Tl Hiy - (112)

Then nx) and npy) are unitarily equivalent if and only if x ~ y. Especially, (1.11) is multiplicity free.
(iii) Let CFE be as in (1.3) and let 2 denote the set of all quadratic irrationals in £2.

(@) Ifx e 2\ 2@, then ny is P(CFE(X)).

(b) Ifx € 2P, then Nk is P(CFEq(x)) where CFEq(x) denotes the repeating block of CFE(x).
(iv) Any irreducible permutative representation of O is unitarily equivalent to 1y for some [x] € §2 /~.

In consequence, Theorem 1.6 shows that the set £2/~ of all equivalence classes of irrationals in
[0, 1] is one-to-one correspondence in the set IPR(Oy)/~ of all unitary equivalence classes of irre-
ducible permutative representations of Ox:

n
Q/~ZIPR(Os)/~; X+~ N (113)

where we identify 7y with the unitary equivalence class of 1 for convenience. Especially, the fol-
lowing equivalence holds as the restriction of  on the subset £2® /~ of £2/~:

@ /2
¥ /~= IPRcycIe(Ooo)/"’ (114)

where IPRyce(Ooo)/~ denotes the set of all unitary equivalence classes of irreducible permutative
representations of Oy with a cycle.

Remark 1.7. The equivalence of numbers by modular transformations is well-known in number the-
ory, such that the discriminant of an irrational is invariant with respect to modular transformations
[5,18]. On the other hand, the unitary equivalence of representations is basic in the representation
theory of x-algebras. Since these two equivalence relations are independently introduced in different
mathematical areas, the equivalence of two equivalence relations in Theorem 1.6(ii) is nontrivial.
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From Theorem 1.6, the following natural questions are thought up.

Problem 1.8.

(i) Show the meaning of the discriminant for the representation associated with a quadratic irra-
tional. What are the discriminant and the class number [18, p. 59] in the representation theory
of Ox?

(ii) Find similar relations between the Cuntz algebra Oy with 2 < N < oo [6] and real numbers.

(iii) From Theorem 1.6, we suspect that there exists a relation between the group of all modular
transformations and Q. Make clear this relation.
In Section 2, we prove Theorems 1.4 and 1.6. In Section 3, we show examples of Theorem 1.6.
2. Proofs of the theorems
In this section, we prove the main theorems.

2.1. Continued fraction expansion and one-sided full shift

We review relations between continued fraction expansions and the one-sided full shift on N*° in
this subsection. Let [a1(x),az(x),...] denote (1.2) for simplicity of description.

Fact 2.1. (See [9, Theorem 175].) For the equivalence in Definition 1.5, two irrational numbers x and y
are equivalent if and only if there exist positive integers ai, ..., am, b1, ..., by such that

x=lai,...,am,Cc1,C2,...], y=1[b1,...,bn,c1,C2,...]. (2.1)

Define the simple continued fraction transformation (or the Gauss map) t from £2 to §2 by

1 1
T(X)E;— \‘;J (XEQ), (22)

where |-| denotes the floor (entire) function [10,17]. Then we see that t([ai,az,...]) = [az,as,...]
for the continued fraction [aq, ay, ...].
Define the map o from N°° to N*° by

ony,ny,...)=({ny,n3,...). (2.3)

The dynamical system (N°°, o) is called the one-sided full shift on N*° [15, §7.2]. Then we see that
CFE in (1.3) satisfies the following equation [10, (1.1.2)]:

CFE(t(x)) =0 (CFE(x)) (x€ Q). (2.4)
From (2.4), two dynamical systems (£2, 7) and (N°°, o) are conjugate.
Definition 2.2. For a,b € N*°, let a ~ b denote when there exist p,q > 1 such that oP(a) = o?(b).
We call ~ the tail equivalence in N*° [2, Chapter 2]. Then the following holds by definition.

Fact 2.3. For x, y € 2, x~ y if and only if CFE(x) ~ CFE(Y).
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For {j: i € N} and {B;: i € N} in Definition 1.3, the following holds:

CFE(wi(x)) = Bi(CFE(x)) (x€ £, i€N). (2.5)

Remark that they are closely related to T and o as follows:

(Toa))(x) =x, (coB)@=a (xef,aeN>, ieN). (2.6)
2.2. Properties of representations of O

In this subsection, we recall properties of permutative representations and the shift representation
of Ou. Define N* = U1<k<oo Nk, For J = Uy K= (lq)?i1 € N*, we write ] ~K if m=m’ and K =
pJ where pJ = (jpa), ..., jpam) for any cyclic permutation p € Zy,. For J € N*, we call | nonperiodic
if pJ # J for any cyclic permutation p # id. If J € N* is nonperiodic, then we see that (H, ) is
P(J) if and only if there exists a cyclic vector v € H such that 7w (sj)v=v. For | € N°, we call |
nonperiodic if | has no repeating block.

Proposition 2.4. Let P(]) be as in Definition 1.2.

(i) Any permutative representation of O is decomposed into the direct sum of cyclic permutative represen-
tations uniquely up to unitary equivalence.

(ii) Any cyclic permutative representation is either one of the following two cases:
(a) P(J) for ] e N*.
(b) P(J) for ] e N,

(iii) If ] e N* and K € N*°, then P(]) # P(K).

(iv) For J, K e N*UN®°, P(J) = P(K) ifand only if ] ~ K where we define | »~ K when ] € N* and K € N*°.

(v) For ] e N*UN®°, P(]) isirreducible if and only if ] is nonperiodic.

Proof. See Appendix A.l. O
Next, we show properties of the shift representation of O, (see also [2, Chapter 6]).

Proposition 2.5. Let (I;(N°°), ) be as in Definition 1.3(ii). Define [a] = {b € N°°: b ~ a} where ~ is as in
Definition 2.2.

(i) The following irreducible decomposition holds:

LIN®)= P K (2.7)

[a]eN®>® /~

where Kq) denotes the closed subspace of I (N*°) generated by the subset {ey: b € [a]} of {ec: ¢ € N*°}.
(ii) Fora € N*°, let 0|q) denote the subrepresentation of g associated with the subspace K(q), that is,

Ola1 = 78Ky - (2.8)

Then 6q) and 0yp are unitarily equivalent if and only if a ~ b. Especially, (2.7) is multiplicity free.
(iii) (a) Ifa € N has no repeating block, then 6|q) is P (a).
(b) Ifa € N*° has the repeating block a’, then 0(q) is P (a').
(iv) Any irreducible permutative representation of O is unitarily equivalent to 6[q; for some [a] € N*°/~.

Proof. See Appendix A.2. O
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2.3. Proofs of Theorems 1.4 and 1.6

We prove Theorems 1.4 and 1.6 in this subsection.

Proof of Theorem 1.4. Let CFE be as in (1.3). Define the unitary U from [;(£2) to [, (N*°) by
Uex=ecrey (X € 2) (2.9)
where we write {ex: x € £2} and {e): a € N} as standard basis of [;(£2) and I,(N*°), respectively.

From (2.5), we can verify that U, (s;)U* = mg(s;) for each i € N. This implies the unitary equivalence
between two representations (I3(£2), y) and (I(N*°), g):

Uy (AU = 7g(A) (A€ Ox). (2.10)
Hence the statement holds. O

Proof of Theorem 1.6. From Fact 2.3, we see that

CFE([x]) =[CFE(x)] (x€ ). (211)

By this and (2.9),

UHx = Kicre) (X € £2). (212)

From Proposition 2.5(i) and Theorem 1.4, the statement of (i) holds.
By (2.10) and (2.12), we obtain that

Unx(AU* =0icrew](A) (x€ 2, Ae Ox). (213)
From Proposition 2.5(ii), (iii), (iv) and (2.13), the statements of (ii), (iii) and (iv) hold, respectively. O
3. Permutative representations of O, associated with quadratic irrationals

In order to take a closer look at the correspondence between representations and irrationals in
Theorem 1.6, it is better to check concrete representations and irrationals by computation. We show
examples of Theorem 1.6(iii)(b) in this section. In Theorem 1.6(iii)(b), a representations is character-
ized by a finite sequence of natural numbers, and an irrational is a quadratic irrational. Hence both
representations and irrationals are easier to treat than cases in Theorem 1.6(iii)(a). For example, the
(class of) representation P(1) is characterized only by a cyclic unit vector v which satisfies the fol-
lowing equation:

S{V=V. (3.1)

The eigenequation of the operator s; in (3.1) is interpreted as the following algebraic equation ac-
cording to (1.6) and (1.7):

o =a1(x) =x. (3.2)

Of course, the solution of (3.2) in 0 < x < 1 is the inverse (+/5—1)/2 of the golden ratio (+/541)/2. In
this way, this and similar cases are suitable for an illustration of Theorem 1.6 and for the computation
of the corresponded irrational number.
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Example 3.1. For k € N, define x € 2 by

R a—k
x:%. (33)

Then x is equal to [k, k, k,...] as an infinite continued fraction. Hence the repeating block CFE((x) of
x is k. Therefore npy in (1.12) is P(k) from Theorem 1.6(iii)(b). For example,

Mgy =P, 5 =P@, s =PO). (34)
Let B denote the x-algebra generated by {b,: n > 1} which satisfies

bnb}, — bybn = 81, bubm —bmbn =0 (n,m>1). (3.5)

The algebra B is called the algebra of bosons. In [13], we showed that by,’s are written by using canon-
ical generators of Oy, on any permutative representation of Q. From this, the restriction of P(1) on
B is unitarily equivalent to the Fock representation of B [13, Theorem 1.1(i)]. Especially, the following
holds:

bpv=0 (n>1), (3.6)
that is, the vector v in (3.1) is the vacuum of the Fock representation of B. Hence the first equation in
(3.4) shows a relation between the inverse (+/5—1)/2 of the golden ratio and the Fock representation

of bosons.

Example 3.2. For j, k € N, define x € 2 by

Vv (jk)2 + 4jk — jk

= 3.7
3 (3.7)
When j #k,
N = P3j, k). (3.8)
For example, N3-1= P(1,2). If j =k, then (3.7) equals to (3.3). Therefore 1y is P (k).
Example 3.3. For i, j, k € N, define x € £2 by
kit k—i D
g Uk +itk=j+VD (3.9)
2(ij+ 1)
D = (ijk+i+j+k?+4. (3.10)
If (i, j, k) is nonperiodic, then 1y = P(i, j, k). If i = j =k, then (3.9) equals to (3.3).
Example 3.4. For i, j, k,l € N, define x € 2 by
—(ijkl +ij + kI +li — jk D
X= @ +UJ.F.<+.I JOJM/_, (3.11)
2(ijk+i+k)
D = (ijkl + ij + jk + kIl + li)(ijkl 4+ ij + jk + kIl + i 4+ 4). (312)

If (i, j, k, 1) is nonperiodic, then npg = P(, j. k, D).
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Remark that the symbol D in neither (3.10) nor (3.12) always means the discriminant of x. For
example, when (i, j, k) = (1,2,3), D in (3.10) is 148. On the other hand, x in (3.9) is _5+T‘/ﬁ with
the discriminant 37.

Problem 3.5. For a given ] € N" for n > 5, compute x € £2 such that 5y = P(J).

Acknowledgments

The authors would like to express their sincere thanks to the referees for their numerous sugges-
tions.

Appendix A. Proofs of the propositions
We prove Propositions 2.4 and 2.5 in this section.
A.1. Proof of Proposition 2.4

Let (H, i) be a permutative representation of O,. By assumption, we see that there exist a family
{fi: i € N} of maps on a set A and an orthonormal basis {e,: n € A} such that

T(sp)en=efm (€N, neA). (A1)

From this and (1.5), we see that #A = oo, the map f; : A — A is injective for each i, fi(A)N fj(A) =0
when i # j and A = J;cy fi(A). The family {f;: i € N} is called a branching function system [2, Def-
inition 2.1]. On the other hand, if a branching function system is given, then we can construct a
permutative representation of Oy as (A.1). Hence we write 7 in (A1) as my. For a given branch-
ing function system {f;: i € N}, define the coding map F of {fi: i € N} by the map from A to A as
F(n) = fi_](n) when n € fj(A).

Proof of Proposition 2.4. (i) Let (H, ) be a permutative representation of Q. Then there exists
a branching function system f = {f;: i € N} on a set X such that (H, ) is unitarily equivalent to
(I(X), ) by definition. For x, y € X, define the equivalence relation ~ as x ~ y if and only if there
exist i, j € N such that Fi(x) = F/(y) where F denotes the coding map of f. Let {X,: A € 5} denote
the set of all equivalence classes in X with respect to ~. Then we see that X is decomposed into the
disjoint union of subsets {X;: A € &} such that f;(X;) C X, for each i e N and A € Z. Therefore f is
decomposed into the direct sum of branching function systems f* = {filx,: ieN} for A € E. By the
definition of X;, (Ib(X)), o) is cyclic and o) =Tfl(x,)- This implies that H is decomposed into
the direct sum of cyclic subspaces {l2(X;): A € Z'}. Hence the statement of decomposition holds.

Assume that g = {g;: i € N} is another branching function system on a set Y associated with .
Since dimensions of the representation space of both 7y and 7, are same, we can assume that Y = X.
Define the map ¢ from X to X by ¢(x) = (g; ofl.’l)(x) when x € f;(X). Then ¢ is bijective and induces
the same decomposition up to conjugacy. Define the unitary U on H by Uey =egx) for the standard
basis {ex: x € X}. Then we see that U (-)U* = m,. Hence the statement of uniqueness holds.

(ii) Let (H, ) be a cyclic permutative representation of Q. From the proof of (i), we can assume
that there exists a branching function system f ={f;: i € N} on a set X such that (*, m) is unitarily
equivalent to (I2(X), 7r¢) with a cyclic vector ey, for a point xo € X. For the coding map F of f, define
the sequence x, = F"(xg) for n > 0. If there exist mg, k > 1 such that X, = x;, for each m > my, then
we see that (H, i) is the case of (a). If not, then (H, ir) is the case of (b).

(iii) If they are equivalent, then there exists an action of O, on a Hilbert space H with two cyclic
unit vectors v and v’ such that v and v’ are GP vectors of P(J) and P(K), respectively. Then (v|V') =
(v|s*]‘v/) =...= <v|(s’;)"v/) — 0 (n — oo) because of the assumption of P(K). From this, (v|v') =0.
This implies that {(s;v|v’) =0 for each L € N*. Therefore v’ = 0. This is a contradiction.
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(iv) From (iii), it is sufficient to show the following two cases.

(a) Assume J, K € N*. We can assume that O, acts on two Hilbert spaces H and H’ with cyclic

unit vectors v, v’ which are GP vectors of P(J) and P(K), respectively. If | ~ K, then we can
find v’ € H’ such that s;v" =v” and {sj, ---s;,v’: k=1,...,n} is an orthonormal family when
J={(1,..., jn). Define the unitary U from H to H’ by Us;v=s;Vv” for each L € N*. Then U gives
the unitary equivalence of H and H'.
Assume that P(J) = P(K), but J » K. Then we can assume that Oy acts on a Hilbert space
‘H with two cyclic unit vectors v and v’ which are GP vectors of P(J) and P(K), respectively.
Then (v|V') = (v|(s*})”s}2’v/) for each n,m > 1. Since ] = K, we see that (sj)”s}' =0 for some n, m.
Therefore (v|v') = 0. This implies that (s;v|v') = 0 for each L € N*. Therefore v/ = 0. This is a
contradiction.

(b) Assume J, K € N*°. Then P(J) = P(K) if and only if J ~ K from the analogy of the case (a).

(v) We consider the following two cases.

(a) Assume J € N*. Assume that J is nonperiodic and O, acts on a Hilbert space H with a cyclic
unit vector v which is the GP vector of P(J). Let w € H. Since H is generated by the set
{skv: K € N*}, we can write w =), a;s;v such that the set {s;v} is an orthonormal family in H.
If w#0, there exists Lo € N* such that a;, # 0. By replacing w by a[olsfow, we can always as-
sume (w|v) = 1. On the other hand, s’jsKv =0 when K # J" for some n > 0. Hence (s’;)”w -V
when n — oco. From this, we can obtain v from a given w € H, w # 0. This implies that H is
irreducible.

Assume that ] is not nonperiodic (= periodic). Then there exists Jo € N* such that ] is the n-
times concatenation of Jo for some n > 2. Assume that a unit vector v satisfies s;v = v. Define
two vectors wq and wy by

w1 Ev+sjov+-~-+s’]’0_lv, (A.2)

wzzv+§sjov+---+§"_1s'}0_]v (A3)

where ¢ = e2™V=1/n_ Since spow1 =wy and s;,wa = ¢~ 'wa, (wi|lwy) = 0. Define V; = Oow;
for i =1, 2. Then we can verify that V; and V; are orthogonal. Since {0} # V; C V1 & Vo C 'H for
i=1,2, H is not irreducible.

(b) Assume J € N*°. If J is nonperiodic, then we can prove the irreducibility of P(J) by the analogy
of the case of (a).
Assume that ] is not nonperiodic. We can assume that there exists Jo € N* such that ] is purely
periodic with the repeating block Jg. Assume that O acts on a Hilbert space K with a cyclic
unit vector vo such that s;,vo = vg. Let £ denote the Hilbert space of all X-valued functions ¢
on U(1) ={zeC: |z| =1} such that fu(l) ¢ (2|2 dp(z) < oo where 1 denotes the probabilistic
Haar measure of the unitary group U(1). Define the action of O, on L by

sip) @) =zsip(z) (zeU(1), p L, ieN). (A4)

Let Vo denote the constant function in £ such that Vo(z) = vq for each z € U(1). Then (s},Vp)(2) =
zVo(z) for each z € U(1). From this, we see that {(sj,,)*Vo: n > 1} is an orthonormal family in L.
Let £q denote the cyclic subspace of £q generated by Vo with respect to the action of Og.
Then L is P(J). Define the operator T on L by (T¢)(z) =z¢(z) for ¢ € L and z € U(1). Then
TLy C Ly and Ts; =s;T and Tsf =s;T for each i € N on £y. Hence T is the nontrivial element
of the commutant of Oy on L;. Therefore neither £1 nor L is irreducible. Hence P(J) is not
irreducible. O
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A.2. Proof of Proposition 2.5

(i) For [a] € N*°/~, we see that Bj([a]) C [a] for each i. This implies that 74(Ou)Kia) C Kiay.
By definition, I(N*°) is decomposed into the direct sum of the family {/Cjq: [a] € N*°/~} of closed
subspaces as a Hilbert space, the statement of decomposition holds. It is sufficient to show the irre-
ducibility of Kq for each [a]. We consider the following two cases.

(a) Assume that a has the repeating block a’. Let (a/)*° denote the purely periodic sequence with
the repeating block a’. Then [a] = {B;(a): ] € Nk, k >0} and By ((@)*®) = (a')>® where B =
Bj, o -+ o Bj when J=(ji,..., ji). This implies that (Kq, 7glic,,) iS P(a’) with the GP vector
e(ay~- From Proposition 2.4(v) and the nonperiodicity of a’, KCq) is irreducible.

(b) Assume that a has no repeating block. By the analogy of the case of (a), we see that K is P(a)
with the GP vector e,. From Proposition 2.4(v) and the nonperiodicity of a, Kjq is irreducible.

(ii) From the proof of (i), 6jq) is P(J) for a nonperiodic element J in N* UN*. From this and
Proposition 2.4(iii) and (iv), the statement holds.

(iii) The proof has been already given in the proof of (i).

(iv) Let (H,m) be an irreducible permutative representation of O. From Proposition 2.4(ii),
(H,m) is P(J) for some nonperiodic element J in N* UN®. From (iii), if ] € N*, then 64 is P(J) for
a= J* eN*, and if | € N®, then 6 is P(]). Hence the statement holds.
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1
X= = [ay,az,a3,...],

a +
az +

a3+ -

where a, € Ny :={1,2,3,...}. The metrical theory of continued fractions started on 25th October
1800, with a note by Gauss in his mathematical diary. Gauss wrote that (in modern notation)

log(1
lim )\.(T” < X) — M
n—00 log2

, xel:=[0,1].
Here A is a Lebesgue measure and the map 7 :[0,1) — [0, 1), the so-called regular continued fraction
(or Gauss) transformation, is defined by

1 1
T(X) :=;—\;J, x #0; 7(0):=0,

X

where |-| denotes the floor (or entire) function. Gauss’ proof (if any) has never been found. A little
more than 11 years later, in a letter dated 30 January 1812, Gauss asked Laplace to estimate the error

log(1 + x)

en(®) := A(t7"[0,x]) — ogz

n>1, xel.

This has been called Gauss’ Problem. It received a first solution more than a century later, when
R.0. Kuzmin (see [16]) showed in 1928 that e, (x) = (’)(q‘/ﬁ) as n — oo, uniformly in x with some (un-
specified) 0 < g < 1. One year later, using a different method, Paul Lévy (see [17]) improved Kuzmin’s
result by showing that |e,(x)| < ¢", n € N4, x € I, with ¢ = 3.5 — 24/2 = 0.67157..... The Gauss—
Kuzmin-Lévy theorem is the first basic result in the rich metrical theory of continued fractions.

1.2. A non-regular continued fraction expansion

In this paper, we consider a generalization of the Gauss transformation and prove an analogous
result.
In [5], Chan shows that any x € [0, 1) can be written in the form

m_al (%)

*= = Dmeam = (10,000,630, . ], (11)

(m—1)m=-s®

1+
1+

where m € N4, m > 2 and a,(x)s are non-negative integers.
For any m € N} with m > 2, define the transformation 7,; on I by

]ogx’l
Togm ' _ .
) = | T ifx#0, (12)
0, ifx=0,

where {-} stands for fractionary part. It is easy to see that t,; maps the set §£2 of irrationals in I into
itself. For any x € (0, 1) put
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an=an(®) =a1(tfh '), neNg, (1.3)
with 79 (x) = x and
_] .
a1 = a1 () = { llogx~'/logm], ?fx;é 0, (14)
0, ifx=0.

Transformation t,; which generates the continued fraction expansion (1.1) is ergodic with respect to
an invariant probability measure, yy;, where

dx
Ym(A) =k'”A/ (m—Dx+D((m—Dx+m)’

AGB[,

. _ (m—1)2 . _ . i .
with kp = fogtm?/am—1)) and B; is the o-algebra of Borel subsets of I (which, by definition, is the

smallest o -algebra containing intervals).
The ergodicity of t;; plays a key role in the study of the asymptotic growth rate of the random
Fibonacci type sequences {f,} defined by f_1 =0, fo=1, co =0 and

fn= men o1+ (m— 1)mC"71 fn—2, (1.5)

where ¢, n > 1, are the digits from (1.1). As is known, the Fibonacci sequence is defined using the
linear recurrence relation

Fpy1=Fy+ Fy-1, neNy, withFp=F; =1,

and Binet’s formula is
1 1+ ﬁ n+1 1 1— ﬁ n+1
Fp=— - — , neN.
NCAN: NEAN:

It is known that using Binet’s formula we can compute the asymptotic growth rate of the Fibonacci
sequence {F,}, which is given by

1 1 5
lim Elogﬂ:log( +2\/_

n—oo

):O.4812....

In the case of random Fibonacci type sequences, defined by (with fixed f1 and f5)

fa=am) 1+ M) frn2,

where a(n) and B(n) are random coefficients, the quest for the asymptotic growth rate is more diffi-
cult. Recently, Viswanath (see [25]) proved that the asymptotic growth rate of the random Fibonacci
sequences defined by f; = fo =1 and

fn = ifnfl + fnfz,

where the signs are chosen independently and with equal probabilities, is given by

1
Jim —log fn =1og(1.13198824....) =0.12397559..
— 00
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with probability 1. But Viswanath’s method is not the only way through. So, Chan proved in [5] that
for almost all x with respect to the Lebesgue measure, the asymptotic growth rate of {f,} from (1.5)
is given by

1
lim L log f, = ky / log(1/x)
n—00 1 , ((m—=Dx+1)((m - Dx+m)
3m—1 -
STom@em—1)

1.3. Main theorem

We show our main theorem in this subsection. For this purpose let © be a non-atomic probability
measure on 3; and define

Fa)=p(th <x), x€l, neN,

F®) = lim Fa(0), xel,

with Fo(x) = ([0, x)).
Then the following holds.

Theorem 1.1 (A Gauss-Kuzmin-type theorem). If . has a Riemann-integrable density, then

km o m((m-—T1)x+1)
m—1)2 % (m—1x+m

F(X) = € 1, (16)

— _ (m-1)?
where ky, = ogam? /1))

If the density of j is a Lipschitz function, then there exist two positive constants q < 1 and k such that for
all x € I and n € N, we have

n _ km n m(m—1)x+1)

where 6 is a certain constant determined by [, n, x such that |6| <k.

The paper is organized as follows. In Section 2 we give the basic metric properties of the con-
tinued fraction expansion in (1.1). Hence, we give a Legendre-type result and the Brodén-Borel-Lévy
formula used to determine the probability structure of (an)nen, under A. In Section 2.4, we find the
invariant measure of 7,;,. The proof of this result is given in a different manner from that described
by Chan in [5]. In Section 3 we consider the so-called natural extension T, (see [19]), define extended
incomplete quotients qa;, | € Z, and we generalize some results presented in Section 2. In Section 4,
we derive the associated Perron-Frobenius operator under different probability measures on ;. We
study the Perron-Frobenius operator of 7;; under the invariant measure y;, induced by the limit
distribution function, we derive the asymptotic behavior of this operator and we restrict the Perron-
Frobenius operator to the linear space of all complex-valued functions of bounded variation and to
the space of all bounded measurable complex-valued functions. Section 5 is divided into three parts.
The first subsection has as purpose defining the notion of random system with complete connections.
In the second subsection we set up the necessary machinery to prove the main theorem whose proof
is contained in the last subsection. To determine where (), < x) tends as n — oo and give the rate
of this convergence, we use the ergodic behavior of the random system with complete connections
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associated with this expansion. For a more detailed study of the theory and applications of depen-
dence with complete connections to the metrical problems and other interesting aspects of number
theory we refer the reader to [10,12,13,22-24] and others.

2. Metric properties of the continued fraction expansions in (1.1)

Roughly speaking, the metrical theory of continued fraction expansions is about properties of the
sequence (ap)ney and related sequences (see Section 3.2). The main purpose of this section is to
determine the probability structure of (an)nen, under the Lebesgue measure A. Before that, we shortly
present the metrical theory of these continued fraction expansions. Another important result is the
Legendre-type theorem (see, e.g., [3,11,15]) which is one of the main reasons for studying continued
fractions, because it tells us that good approximations of irrational numbers by rational numbers are
given by continued fraction convergents.

2.1. Some elementary properties of the continued fraction expansion in (1.1)

Here, we want to prove the convergence of expansion of the type of (1.1). First, note that in the
rational case, the continued fraction expansion (1.1) is finite, unlike the irrational case, when we have
an infinite number of non-negative digits.

Define [a1,ay,...,an]m the convergent of w € §2 by truncating the expansion on the right-hand
side of (1.1). We want to show

w= lim [a1,az,...,an]m, we€S2. (2.1)
n—o0o
To this end, define integer-valued functions pp(w) and gqn(w), for n € N, by

Pr(w) =m™pp_1(w) + (M — DHm* ' pp_r(@), n>2, (22)

qn(w) =m"qp_1 (@) + (m — Hm"qp_(w), n>1, (2.3)

with po(w) =0, go(w) =1, p1(w) =1, g—1(w) =0 and ao =0.
Now, it is easy to prove by induction that for any n € N, we have

Pn(@)Gn—1(@) — pn—1(@)qn(®) = (=" (m — 1) 1mft -t (2.4)
and
m— _ Pn(@) + (m — Dtm pp_q(w) (25)
1+ (m—1)m~® T gn(@) + (m— Dtmgp_1(w)’ '
1a m—1)m
toet 1+@m—1t

with 0 <t < 1.
It follows from the definitions of t; and a, that for any w € £2 we have

m~ %

m, ne N+, (26)

N w) =
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hence
m—9
w= D , neNy. (2.7)
Tt (m—1)ym %
1+ +

1+m—DT(w)

By combining (2.7), (2.2) and (2.3) we have

_ Pn(@) + (m— Dy (w)m™pp_q(w)

= , 2, N,. 2.8
Gn(@) + (M= Drh@mige @) © S 28
Taking t;} (@) =0 in (2.8) gives
(w)
a1, 4z, ..., Gyl = D2 (2.9)
Gn(w)
Now, using (2.4), (2.8) and (2.9), for any w € £2 we obtain
— 1t ag+-+ap
’ oA (m = D"t (@)m neN;. (2.10)

(@) | gn(@)(@n(®) + (M — DA (@)mingn_1(w))’

Note that this equation measures the difference between w € £2 and its convergent and is the key
ingredient of the following estimate.

Lemma 2.1. For any w € §2 we have

Pn(®) m—1\"
‘a)— (@) < (T) , neN,. (211)

Proof. By applying 7} (@) <1 to (2.10), we have

pr(@) (m — 1)@+
- < s N,. 212
P 0@) | S 3@ @ @) + M — Dminge_ @)’ T (212)
Let
1\ @1+4an
(m = 1)7m’™ neN,. (213)

ty = s
qn(@)(Gn(w) + (M — Hmqn_1 (w))

From (2.3), we have that q,(w) + (m —1)m%q,_1(w) > m-m™q,_1(w), i.e., gn(w) = m*q,_1(w). Thus,
by (2.13) and since qp(w) > qp—1 (@) + (M — 1)m™-1g,_5(w), we have

m—1 (m _ 1)n—1ma1+~--+an,1
e )

m Gn(W)qn-1(w)
- m—1 ( (m _ 1)n—1ma1+-~-+an_1 )
m  \ gn—1(@)(@n-1(w) + (M — \m-1q,_»(w))

m-—1
= ——tn1. (2.14)
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Now, by direct computation, we have

and (2.14) shows that t, < (%=1)" je, (211). O

) -1
Finally, (2.1) follows from (2.11), as mT <1.

2.2. Approximation result

2159

Diophantine approximation (see, e.g., [15]) deals with the approximation of real numbers by ra-
tional numbers. Before we give the corresponding approximation result, we define the cylinder (or
fundamental interval) of rank n, I,(i™), and show that any I,(i™) is the set of irrationals from a

certain open interval with rational endpoints.
For any n € N and i™ = (i1, ..., i) € N* we will say that

Im(i(")) ={we 2: q(w) =i, 1<k<n}

is the fundamental interval of rank n and make the convention that I,,(i?) = 2.

For example, for any i € N we have

In()={weR: a1(w)=i}=02n (m’(i+]),m’i).

We will write In(ag,...,a;) = In@™), neN,.Ifn>2 and i, €N, then we have

Im(ai, ..., an) = In(i™).

From the definition of t; and (2.8) we have

In(@™) =20 (u@™m), v(@m)),

where
pn(@+m=Dm"pp_1(®) i
u(a(n)) _ ] ml@+m-Dm%gy (@) " ifn is odd,
Pn(w) i i
o) ifnis even,
and
Pn(w) : i
o ROL ifnis odd,
v(a™) = o
Po(@)+m—1m™ pp1(@) ¢ is even.

qn(@)+m-1)m*gy_1 (@)’

Now, using (2.4), a direct computation shows that

)\(I(a("))) _ (m — 1)"m@1++an
 Gn(@)(@n(@) + (= Dmngp_1 (@)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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and from (2.10) and (2.11) we have that

A(I(@a™)) < <m_1>n (221)

m

We now give a Legendre-type result for these continued fraction expansions. First we define the
approximation coefficient ®p, := Oy (w) by

Dn
a)__

qn

Om :=q?

. HENJr,

where % is the nth continued fraction convergent of w € §2. The approximation coefficient gives a
numerical indication of the quality of the approximation.

Proposition 2.2. For w € §2 and p/q being a rational number with p <q,q > 0and g.c.d.(p,q) =1, let

Pn—1

qn-1

p . . . .
E=[11,---,ln]m, =[i1,...,in—1lm

with po = 0 and qo = 1, where the length n = n(p/q) € N of the continued fraction expansion of p/q is
chosen in such a way that it is even if p/q < w and odd otherwise. Then

m—1 nmi1+~'~+in
On < ( ) . d if and only if P is a convergent of w.
g+ (m—Tmng_ q

Proof. If p/q is a convergent of w, then by (2.10) we have

2

p‘ __m=D'th@mttng  m—1)"mitttg
q| g+ m—-Dri(@ming,_1(w) g+ (m—1)mingy_1°

Om=q

(m_1)nmi1 +~~+inq

Conversely, if O < PN ey then
p (m _ ‘l)nmil +--+in
q‘a) — —‘ < - .
ql g+ m—=Tmngn

. . 1 \1miq et
Assuming that n is even, then @ > £ and we have @ — 2 < _M=DTmL 0 5
q 9 q@+m=1)mngy 1)

p p _ (m—1'mhtth p 4 n—Dminp,y
—<w< -+ - = - .
q q q@+@m-—1mngp_q1) q+@m—1mngn_1
Hence, w € I,(i™), ie., g =[i1,...,in]m is a convergent of w. The case when n is an odd is treated

similarly. O
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2.3. The probability structure of (an)nen, under the A

We start by deriving the so-called Brodén-Borel-Lévy formula (see, e.g., [10,11]) for these type of
expansions. First, define s,, n € N, by

sp=m qq” —1, s =0, (2.22)
n—1

where m > 2 and a,, q, are defined in (1.3) and (2.3), respectively.
Next, (2.3) implies that

m—1)m %
n=¥, n=2, (2.23)
1+ sp-1
hence
(m—1)m %
Sn = — =(m—Dlan,an-1, ..., a2, lm, (2.24)
(m—1)m -1
1+
1+ 4 (m—1)m™ %
14 m-1m®
forn>2.

Proposition 2.3 (Brodén-Borel-Lévy formula type). For any n € N we have

(sn +m)x

)L(-I;If1 <X|ﬂls-~"a”)= GSn+mMm—=1Dx+1)"

xel, (2.25)

where s, is defined by (2.22) or (2.23).

Proof. As we know, for any n € N; and x € I, we have

AT <x)NIg(ay, ..., an))
)L(T,T1<X‘a1""’a”): mA(Im(a1 ..., 0p))

From (2.8) and (2.17) we have

Pn Pn+ (m—Dxm pp_y

qn qn + (m — 1)xmnqn_q
(m — 1)"xm®+-+an

" qn(Gn + (m — 1)xmngn_q)’

M <x)Nl@, ... a0) =

Hence, from (2.20) we have

_ M(zp <x)Nin(ar, ..., an))

N Am(a, ..., ay))

_ X(gn + (m—1)mngy_1)

 qn(qn + (M — 1)xmingy_1)
(Sn +m)x

=sn+(m—1)x+1’

Mrp <x|ai,....an)

foranyneNy andxel. O
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The Brodén-Borel-Lévy formula allows us to determine the probability structure of (ap)pen, un-
der A.

Proposition 2.4. For any i € N and n € N we have

rar =1i) = (m—1m~ D (2.26)

and

A1 =ilay,...,an) = Pl (sn), (227)
where

(m—Dm~ D x4+ 1)(x+m)

Pm ) = = DM+ DX+ (M = Hm- D £ 1)

(2.28)

Proof. As shown above, we have
lwe 2: a1(w) =i} =20 MV m™).
Thus,
rar =i =|m T —m™| = (m - Hm~ D,

From (2.6), we have that

Tp(®) =[any1,n42, .. Jms NN}, we L2,

and so we have

AMans1 =ilar,....an) = A(th € (M m™] | a1, ..., an)

~ (spmym™ (sn +mym~=0+D
Tsi+m=—1Dm T +1 s+ (m—1m—0+D 41

_ (m — Dm= D (s + 1) (sp +m)
T (st (m—Dm T+ 1)(sp + (M — Hm=0+D + 1)

=Pl (sp). O

Hence, the sequence (sp)nen, With s; =0 is a homogeneous I-valued Markov chain on (I, By, A)
with the following transition mechanism: from state s € I'\ £2, s > 1 the only possible one-step tran-
sitions are those to states m™'/(1 + (m — 1)s), i € N, with corresponding probabilities P},(s), i € N.
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2.4. The invariant measure of T

In this subsection we will give the explicit form of the invariant probability measure y;, of the
transformation tp, i.e., ym(A) = ym(r,;l(A)), AeB.

Let B; denote the o-algebra of Borel subsets of I. The metric point of view in studying the se-
quence (an)nen, is to consider that the a,, n € N4, are non-negative integer-valued random variables
which are defined almost surely on (I, ;) with respect to any probability measure on 3; that assigns
probability O to the set I\ §2 of rationals in I. Such a measure is a Lebesgue measure A.

Another measure on /3; more important than Lebesgue measure, that assigns probability 0 to the
set of rationals in I, is the invariant probability measure y;, of the transformation .

Proposition 2.5. The invariant probability density pm of the transformation T, is given by

1
) = o D Dm—Dxrm’ YF (2.29)

(m=1)2
log(m?/2m—1))"

with the normalizing factor ky, =
Proof. See Appendix A. O

Hence

dx
ym(A) =k’”A/ (m—Dx+ D(m—Dxtm)’

AeB. (2.30)

The normalization constant k;;, defined above is chosen so that y;; ([0, 1]) = 1.
3. The natural extension of 7,; and extended random variables

By its very definition, the sequence (ay)nen, in (1.3) and (1.4) is strictly stationary under ym. As
such, there should exist a doubly infinite version of it, say a;, e Z:={...,—1,0,1,...}, defined on a
richer probability space. It appears that this doubly infinite version can be effectively constructed on
(12, Bf, Ym), where ¥, is the so-called extended measure which expression is given below.

3.1. Definition and basic properties
For 1, in (1.2), the natural extension T, of T, [19] is the transformation of [0, 1) x I defined by

m7a1 (*)

Tm(x,y) = <Tm(x), m

>, x,y)€10,1) x I. (3.1)

This is a one-to-one transformation of 22 with the inverse

m—a1©)

T (w,0) = < rm(9)>, (w,0) € 2°. (3.2)

m-Tw+1’

It is easy to check that for n > 2 we have

log(1 —1)0
Th(w,0)= (rg(w), [an(a)), an_1(w), ..., a2 (w), a1 (w) + %] ) (3.3)
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and

log(14+ (m — 1w)

T (w,0)= <|:an(9), an-1(0),...,a200),a1(0) + :| , ‘L’,?,(O)). (3.4)

logm
Now, define the extended measure ¥, on 6,2 as
— dxdy 2
B) =k , BebhBs. 3.5
ym(B) m//((m—1>(x+y)+1>2 ’ G2)
B
A simple calculus shows us that
Ym(AX D) =yYm(I xA)=yn(A), AchB. (3.6)

The result below shows that ¥, plays with respect to T, the part played by y,; with respect to tp,.
Proposition 3.1. The extended measure ¥, is preserved by Tp,.
Proof. See Appendix A. O
3.2. Extended random variables
Define extended incomplete quotients @, [ € Z, on £2% by
a1 (@, 0) = a1 (Th(@,0)), ez,
with
a1(@,0) =ar(w), (w,0)e 2>
By (3.3) and (3.4) we have
an(w, 0) = ap(w), ap(w, 0) =a1(0), a_n(®,0)=an41(0), neN;, (@,0)c 22

Remark 3.2. Since T, preserves ¥, the doubly infinite sequence (aj)jcz is strictly stationary un-
der yp.

Theorem 3.3. For any x € I we have

((m—"1a+m)x

Ym([0,X] x I |dg,a_1,...)= Y m-a.s., 3.7
Vm([ ] | 0,0-1 ) m—Dx+a) +1 Vm (3.7)
where a = [ag,d—1, .. .Im-
Proof. Let I, , denote the fundamental interval I (do,d—1,...,d—n), n € N. We have
Ym([0.x] x I |dg.d-1....) = lim ¥m([0.X] x I |do.....d—n) ¥m-as.

and
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Fm((0.X] x 1| do. ..., a_y) = Y104 X Imn)

Ym( x Im,n)
X d
_ km flm,n dy fO ((m—l)(ulf&-y)+1)2
VYmUIm,n)
1 X

= km / dy

YmIm,n) (mM-Dx+y)+D((m-1y+1)
_ 1 x((m—1)y +m) Yin(dy)

Ynllman) J (M= Dx+y)+1 "

_ X((m—=1Dyn+m)
S m=-DE+yn)+1’

for some yj, € Iy . Since

lim yp, =l[ap,a_1,...Im=a, (3.8)
n—oo
the proof is complete. O
The stochastic property of (a;);cz under yp, is given by the following corollary of Theorem 3.3.
Corollary 3.4. For any i € N we have
Vm(@ =ildo,d_1,...) =Pl ((m—1a) Vm-as.,
where a = [ag, d_1, .. .Im.
Proof. Let us denote by I, » the fundamental interval I;;(Go,d—1,...,a—y), n € N. We have
@=i=m m]x[0,1)
and
Ym(@ =i|do,d_1,...)= lim Y@ =il Inn).
n—-oo
Now

. 4 y ~D M= X In )
e ) o |y P m ) x
Vm(( ) [ ) | m,n) T X Imn)

1 )
=— | Pi(m=1)y)ymd
Vm(lm,n)/ (M= 1)y)ym(dy)

=PL ((m—1)yn),

for some yj € Ip.n. From (3.8) the proof is complete. O



2166 D. Lascu / Journal of Number Theory 133 (2013) 2153-2181
Remark 3.5. The strict stationarity of (a;);cz, under ¥, implies that

V(@41 =i1G,d1,...) =Py (m—1)a) Pm-as.

for any i € N and [ € Z, where a =[a;, d_1, ...]m. The last equation emphasizes that (a;);cz is a chain
of infinite order in the theory of dependence with complete connections (see [10, Section 5.5]).

Motivated by Theorem 3.3 we shall consider the family of (conditional) probability measures (y,3)q
on B, defined by their distribution functions

((m—"1Da+m)x

a([0,x]) = , el,a>0. 3.9
vm([0.x]) m-1x+a)+1 (3.9)
Note that the limit case a = o0 is y,3° = A.
For any a > 0 put sj =a and
(m—1)m %
0= =  neN,. 3.10
n 1+s8 * (310)
For a > 0 we have
“a_ (m—1m%
! 1+4+a

and
log(a+ 1
s‘,’,:(m—l)[an,...,az,m—kg(i“] , o n>=2.
logm |,

Then (sj)nen, is an I'U {a}-valued Markov chain on (I, By, y;) which starts from s§ =a >0 and has
the following transition mechanism: from state s € I U {a} the possible transitions are to any state
m~i/((m — 1)s + 1) with the corresponding transition probability P,iT,((m —1)s),ieN.

Now, it is easy to check by induction that

= M Dbt @+ (311)
" (Mm—"1Dpp—1+@+1Dgp—1

for any ne Ny and a > 0.
Thus, a simple calculation shows that for any n € Ny we have

Vel <0 NIn@™))

B Vi (Im(@™))

_ X(m = 1D((m = Dpn + @+ 1Dgn) + m* (M = D1 + (@ + 1Dn-1))
(m—1)((m—1D)py + (a+ 1)gn) +xm% (M — 1)pp_1 + (@ + 1)qp—1)

Ya(th <x|ai,....an)

By (3.11) for any n € N; we have

(m—1)s% + m)x
a(h e, = L , >0, I. 3.12
Yo(th <x|ay an) =D+ a xe (3.12)

The last equation is the generalization of the Brodén-Borel-Lévy formula from Section 2.3.
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4. The Perron-Frobenius operator of 7, under y,

In this section we derive and study the associated Perron-Frobenius operator of 7, under the
invariant measure .

Let u be a probability measure on (I, B;) such that ,u(t,f(A)) =0 whenever ©(A)=0, A€ B,
where the transformation 7, is defined in (1.2). In particular, this condition is satisfied if T, is u-
preserving, that is, ut, T = 4. It is known from previous section, that the Perron-Frobenius operator
P, of 7, under p is defined as the bounded linear operator on L}L ={f:I1->C| [Ifldu < o0}

which takes f e L), into P, f € L), with

/Pufduz / fdu, AebB. (4.1)

A T ' (A)

In particular, the Perron-Frobenius operator P; of 7, under the Lebesgue measure A is (see [4, p. 86])

_d _ f© .
Prf() = / fdr= Zl O] ae.inl. (4.2)
T (10,X]) te€tm (X

The following results will be proved in Appendix A.

The following proposition gives the expression of the Perron-Frobenius operator of 7,; under the
invariant measure ¥, (4.3) and under a probability measure which is absolutely continuous with
respect to the Lebesgue measure (4.6). Also, we derive the asymptotic behavior of this operator (4.8).

Proposition 4.1.

i) The Perron-Frobenius operator Up, := P,, of T, under yy, is given a.e. in I by the equation
Ym Vi

Unf®) =) Ph(m—1x)f(u,), fel), . (4.3)

ieN
where P,"11 is defined in (2.28) and uin(x) is given by the equation
—i

; B m
um(X)_4(m—l)x+1’ xel. (4.4)

(ii) Let w be a probability measure on ;. Assume that ( is absolutely continuous with respect to A (and
denote u < A, i.e., if t(A) = 0 for every set A with A(A) =0)and leth =du/dx a.e.in I. Then:
(a) The Perron-Frobenius operator P, of Ty, under  is given a.e. in I by the equation

_ 1 h(up, (X)) i
P f(x)= he) iEZN m(m —DHm™ f (up, (%) (4.5)
UngXx)

fell, (4.6)

T (m=1x+ 1)((m - Dx+mh(x)’

where g(x) = ((m — x4+ 1)((m — 1)x + m) f (X)h(x), x € I.
The powers of P, are given a.e. in I and for any f LZL and any n € N4 by the equation

UngX)
(m—1Dx+1D((m—Dx+mhx)

PLIC=1 (47)
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(b) We have

Up f )

M(Tn; (A)) :/ (m—-1Dx+1)((m—-1)x+m) ax, (48)
A

foranyn e Nand A € B;, where f(x) = ((m—1x+ 1)((m— 1)x +m)h(x),x € I.

In the next proposition the domain of Uy will be successively restricted to the following Banach
spaces: BV (I) is the linear space of all complex-valued functions of bounded variation and B(I) is
the collection of all bounded measurable functions f : I — C. The variation vars f over AC 1 of a
function f : I — C is defined as

k—1

sup » | f(t) — f(ti)

i=1

3

the supremum being taken over t; <--- <ty, tj€ A, 1 <i <k, and k > 2. We write simply var f for
vary f.

Proposition 4.2.

(i) If f € BV () is a real-valued function, then
varUpy f < Ky var f, (4.9)

_ (m=1)(Bm2=3m+1)
where Ky, = e rmaT) - The constant cannot be lowered.
(ii) The operator U, : B(I) — B(I) is the transition operator of the Markov chain (s{)nen, on (I, By, ypy), for

any a € I, where (s3)nen, and 5 are give in (3.9) and (3.10), respectively.
5. Proof of the Gauss-Kuzmin-type theorem

In this section we prove our main theorem. The main tool of this section is the random system
with complete connections. We will first give a brief introduction to the theory of random systems
with complete connections and list some of the main applications and some important properties.
The general concepts presented here will be customized in the second subsection for the continued
fraction expansion presented in this paper. All these concepts will be applied in Section 5.3 to solve
our main theorem.

5.1. Random systems with complete connections

The purpose of this subsection is to recall the definition of random systems with complete con-
nections, and take this opportunity to inform nonspecialists a little about some applications of the
theory of random systems with complete connections.

The first explicit formal definition of the concept of dependence with complete connections was
given by Onicescu and Mihoc in the 1930s when studying so-called urn schemes (see, e.g., [21], or [12]
or the Introduction in [10]). The concept of random system with complete connections was defined
by losifescu [9]. There are many other areas where the theory of RSCC can be applied. Let us just
mention a few: mathematical modeling of learning processes (see, e.g., [20,12,14]), chains of infinite order
(see, e.g., [6,7]), partially observed random chains (see, e.g., [12]), image coding (see [2]), and continued
fraction expansion (see [10]). Nowadays RSCC are called iterated functions systems with place-dependent
probabilities or simply iterated functions systems (IFS). This terminology was introduced by Barnsley
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et al. in the middle of the 1980s in [1]. It only became fashionable in the framework of fractals and
chaos but, before that, it appeared as the simplest case of a random system with complete connections
and, in particular, as the Bush-Mosteller model for learning with experimenter-controlled-events [see,
e.g., [2,8]]. An application of IFS to continued fractions can be found in the paper [18].

5.1.1. Definitions and explanations

First, let (W,W) and (X, X) be two measurable spaces. A real valued function P defined on
W x X is called a transition probability function from (W, W) to (X, X) if P(w, ) is a probability on
X for any w € W and P(-, A) is a W-measurable function for any A € X.

A quadruple

{wW.w), (X, X),u, P} (51)

is named a random system with complete connections (RSCC) if

(i) (W, W) and (X, X) are measurable spaces;
(i) u:WxX—>Wisa (WX, W)-measurable function;
(iii) P is a transition probability function from (W, W) to (X, X).

The definition of an RSCC can be extended to the non-homogeneous case in the sense that all the
entities constituting it are allowed to depend on t € T, where T is either the set N of natural numbers
or the set Z of integers.

The set W is usually called the state space, the set X is often called the event space and the function
u is often called the response-function. We also call u(-, x) : W — W a response-function.

The interpretation of this structure is as follows. If X denotes the set of possible observations and
W the range of possible states of the system, then P induces for every state w € W the distribution
P(w, -) of the random observation following w. The function u represents the transition function of
the system, which transforms a given state w and an actual observation x into a new state u(w, x).

To every RSCC {(W, W), (X, X),u, P} and every w € W (an arbitrary fixed element of W) one can
generate two stochastic sequences {&n}nen and {{nlnen, as follows: we set &y = w, pick an element
¢1 € X using P (&, -), define & = u(&p, ¢1), pick ¢z in X using P (&1, -), define & =u(&1, {2), and gen-
erally we pick ¢, in X using P(&,—1, -), and define &; = u(&,_1, &,). Thus, the two stochastic sequences
can be described as follows:

SOZW, Sﬂ-ﬂ-l:u(éﬂa ;ﬂ-ﬂ—l)v n217
P(c1€e A)=P(w,A), AeX,
P({n-ﬁ-lEA|$ﬂ!é‘nv"'!$1’§1750)=P(EnvA)s AcX.

We call the sequence {&;}neny of W-valued random variables the state sequence and the sequence
{¢n}nen, of X-valued random variables the event sequence. When we want to emphasize the initial
point w, we write

En=&w) and ¢ =(w).

The central issue in the theory of dependence with complete connections is the sequence {n}nen,
which is a stochastic process that is no longer Markovian, but a chain with complete connections
(processes whose transition probabilities depend on the whole past history).

From the definition of &, it is clear that the state sequence {&,}nen is @ Markov chain (the so-called
associated Markov chain) with transition probability function Q, where

Qw,A) =P(w,{xeX|uw,x €A}) (5.2)

with A e W.
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The transition operator U : B(W, W) — B(W, W) is defined by

Ufw)=> Pw.x)f(uw.x), feBW.,W), (5.3)

xeX

where B(W, W) is the Banach space of all bounded YV-measurable complex-valued functions defined
on W.

5.1.2. Examples of RSCCs
In this section we shall give two examples of RSCCs which occur either in various chapters of
probability theory or as a result of modeling phenomena in various fields.

Example 5.1. The concept of a random system with complete connections may be regarded as a gen-
eralization and formalization of the notion of a stochastic learning model. Learning may be defined as
an adaptive modification of behavior in the course of repeated trials. By mathematical learning theory
we mean the body of research methods and results concerned with the conceptual representation of
learning phenomena, the mathematical formulation of hypotheses about learning, and the derivation
of testable theorems. The purpose of mathematical learning theory is to provide simple, quantitative
descriptions of processes which are basic to behavioral modifications.

All stochastic models for learning studied so far fit the following general theoretical scheme. The
behavior of the subject on trial n is determined by its state S, (an indicator of the subject’s ten-
dencies) at the beginning of the trial. Here S, is a random variable taking values in a measurable
space (S,S). On trial n an event Ep4q occurs that results in a change of the state. Here E, 4 is a
random variable taking values in the measurable space (E, £) and specifies those occurrences on trial
n that affect the subsequent behavior. To represent the fact that the occurrence of an event affects
a change of state it is necessary to consider a measurable map v from S x E into S and postu-
late that Sp4+1 = v(Sp, Ent1), n € N. Finally assume that the probability distribution of En4q given
Sn,En,...,S1,E1,So depends only on the state S, and denote it by R(Sy, ). By a general learning
model we mean the collection {(S,S), (E, &), v, R} which is trivially an RSCC. Notice that in fact we
only changed the notation. Various special learning models are obtained by simply particularizing S,
E, v and R (see, e.g., [12,20]). O

Example 5.2. As we mentioned in Section 1.1, any irrational number y in the unit interval [0, 1] has
an infinite continued fraction expansion of the form

y= 1 ,
a(y) +

a(y) +
az(y)+ -

where the a,(y), n € Ny, are natural numbers. Define (sp)nen, by

s1=—, Sn41 = neNy.

73
ai Sn + An+1

Let us consider the RSCC {(W, W), (X, X), u, P}, where

W =[0,1], W =Bo,11,
XINJr, X:PNJra
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u:WxX—->W, ulw,x)=

w+x’
w+1
W+ (w+x+1)

P-WxX—->W, Pw,x)=

The sequences (an)nen, and (Sp)nen,, So =0, are equivalent to the chain with complete connections
(¢n)nen, and the Markov chain (§;)nen associated with the above RSCC. More precisely, defining the
one-to-one map 6 from (N,)N+ into [0, 1] by

0(01,02,(13,...): s CHGNJ,., i€N+,
a +
a +

az+
we have ;(0) =ap(0(0)), &(0) =s(0(0)), neN;, 0 e NN+, O

5.1.3. Properties of the associated operators

In this subsection we present the asymptotic and ergodic properties of the associated operators.
These properties are used to obtain the ergodicity of an RSCC by letting the associated Markov chain
satisfy some topological properties. To state these results we need some preliminary definitions.

Let Qj be the transition probability function defined by

gk
Qn(W,A)—n,;Q (w, A)

where QF, k > 1, is the k-step transition probability function of the Markov chain associated with
RSCC (5.1). Let U,, be the Markov operator associated with Q.

Next, let us consider the norm | - ||y defined on L(W) = the space of Lipschitz complex-valued
functions defined on W by

|f W) — F(w")]

. felWw).
, |W/—W”|

IfllL= sup |f(w)|+ sup
weW w/ZEw’

As is well known, (L(W), || - ||1) is a Banach space.
The following can be found in [10].
If there exists a linear bounded operator U* from L(W) to L(W) such that

Aim [Unf —U=f], =0,
— 00

for any f € L(W) with || f||L =1, we say U is ordered.
If

lim |[U"f —U*f]|, =0,
n—oo

for any f € L(W) with || f|lL =1, we say U is aperiodic, where U" is the nth iterate of U, n € N, with
U% is the identity.
If U is ordered and U®°(L(W)) is one-dimensional space, it is named ergodic with respect to L(W).
If U is ergodic and aperiodic, it is named regular with respect to L(W) and the corresponding
Markov chain has the same name.
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The definition below is due to M.F. Norman [20] and isolates a class of RSCCs, called RSCCs with
contraction.

An RSCC {(W, W), (X, X),u, P} is said to be an RSCC with contraction if and only if there is a
distance d on W and the metric space (W,d) is separable, r{ < 0o, Ry < oo, and there exists a
natural integer k such that r, < 1, where

d(w X(k) W//X(k)
k= sup ZP" w, x0) dw ™, wx) S ), keNy,
wEW” d(w’, w”)

and

Pk(W/v A) - Pk(WNv A)
Ry = sup sup — .
Aexkw'#w" d(w’, w”)

The following result can be found in [10].

Theorem 5.3. Let W be a compact metric space with a distance d and {(W, W), (X, X)), u, P} be an RSCC
with contraction.

(i) The Markov chain associated to the RSCC is regular if and only if there exists a point wo € W such that
lim d(on(w), wo) =0,
n—o0o

forany w € W, where op(w) = supp Q" (w, -) (supp u denotes the support of the measure ().
(ii) The supports of Q™(w, -), n € N4, w € W, can be iteratively computed as follows:

onmw)= | on(w).
w'eom(w)
forany m,n € N, w € W, where the overline means the topological closure.

An RSCC {(W,W), (X, X),u, P}, whose associated Markov chain is regular with respect to
B((W,W)), is uniformly ergodic and lim;_, », &, = 0, where

. n
gn:=sup |P}(w,A)—P¢
weW,reNy
AeXT

while P is the probability on A,

Theorem 5.4. Let W be a compact metric space with a distance d. If the RSCC {(W, W), (X, X), u, P} with
contraction has regular associated Markov chain, then it is uniformly ergodic.

5.2. The RSCC associated with expansion of the type of (1.1)
First, it is easy to check that P,’l71 from (2.28) defines a transition probability function from (I, B;)

to (N, P(N)), i.e, Yy PL®) =1, x€ .
Let us consider the random system with complete connections

{U,B), (Np, P(Ny)), u, P}, (5.4)

where u: I x N— [, u(x,i) = u,"n(x) is given in (4.4) and the function P(x,i) = P;n(x) given in (2.28).
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We denote by U, the associated Markov operator of RSCC (5.4) with the transition probability
function

Qux, A= > Pp0, xel, AeB.
{ieN: uf,,(x)eA}
Then Q/,(-,-) will denote the n-step transition probability function of the same Markov chain.
The ergodic behavior of RSCC (5.4) allows us to find the limiting distribution function F and the
invariant measure Q5 induced by F.

Proposition 5.5. RSCC (5.4) is uniformly ergodic.

Proof. We apply Theorem 5.4. Putting A;=m~ —m~2 i e N, we get

) . Aj Ajpr

PL(x) = (m—1)|m~0+D S ol .

= )[ +x+(m—1)m*'+1 X+ (m—1m=0+D 41
We have

d ) (m—1m™t

—ux,i)=————,

dx ((m—"1x+1)2

iP(x, i):(m—l)[ Attt Ai ]
dx

x+m—Dm-EFD 12 (x+ (m—Dm—i +1)2

for all xe I and i € N, so that supy¢| |%u(x, i) =(m—1)m~! and SUDy¢[ |%P(x, i)| < oo. Hence the
requirements of definition of an RSCC with contraction are fulfilled. To prove the regularity of U with
respect to L(I) let us define recursively xp4+1 = (Xn + 2)~1, neN, with xo = x.

A criterion of regularity is expressed in Theorem 5.3(i), in terms of supports oy (x) of the n-step
transition probability functions Q) (x, ), n € N;. Clearly x,41 € 01(x;) and therefore Theorem 5.3(ii)
and an induction argument lead us to the conclusion that x, € oy, (x), n € N4. But, limp_ 00 Xp = v/2 —1
for any x € I. Hence

d(an(x),«/i—l)glxn—«/f+1|—>0 asn — oo,

where d(x, y) = |x — y|, for any x, y € I. The regularity of U,, with respect to L(I) follows from The-
orem 5.3. Moreover, Q1 (-,-) converges uniformly to a probability measure Q° and there exist two
positive constants g < 1 and k such that

Jumf—uUgefl, <kg"Ifll.. neNy, feld), (5.5)
where
UnF() = / FDQAC.dy). (56)
I
U;’$f=/f(y)Q,?$(dy), (5.7)
1

and Qp? is the invariant probability measure of the transformation 7, i.e., Q;° has the density om(x)
given in (2.29), xel. O
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Now we are able to find the limiting distribution function
F(x) = Foo(x) = lim (7} <x
() = Foo®) = lim (7 <X)
and obtain a convergence rate result.

5.3. Proof of Theorem 1.1

We prove Theorem 1.1 in this subsection.

Proof of Theorem 1.1. By (5.7) we have
Un fo szo(y)Q,?f(dX) =km, foeL(D.
I

Taking into account (5.5), there exist two constants g < 1 and k such that

lUmfo—Ug fol, <kg"llfoll.. neN,.

Further, consider C(I) the metric space of real continuous functions defined on I with the supremum
norm || f|l = supye; | f(%)]. Since L(I) is a dense subset of C(I) we have

im (02, — U) fo] =0, 58)

n

for all fo € C(I). Therefore, (5.8) is valid for a measurable function fo which is Q%’-almost surely
continuous, that is, for a Riemann-integrable function fy. Thus, we have

X
Feo = lim p(ty <X)=n1LngO/UZ1fo(U)pm(u)du

0
:km/pm(u)du
0
km m((m-—1x+1)

Tm-12 % m—1x+m
Hence (1.6) is proved. O
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Appendix A. Proofs of propositions

We prove Propositions 2.5, 3.1, 4.1 and 4.2 in this appendix.



D. Lascu / Journal of Number Theory 133 (2013) 2153-2181 2175

Proof of Proposition 2.5. We briefly give some general properties about the Perron-Frobenius opera-
tor (see, e.g., [4,11]) which will be useful both to demonstrate this proposition and in Section 4.

Let (X, X, ) be a probability space. A transformation 7 of X is said to be w-non-singular if and
only if w(t~1(A)) =0 for all A e X for which w(A) = 0; it is said to be measure-preserving if and
only if ut=!'=p, ie, ut~1(A) = w(A) for all A € X. Clearly, any p-preserving transformation is
J-non-singular.

The Perron-Frobenius operator P, associated with a p-non-singular transformation 7 is defined
as the linear bounded operator on L}, ={f:1 — C: [, |f|du < oo} which takes f € L}, into P, f €L},
with

[Putan= [ rau. aew.
A T=1(A)

or, equivalently
/gPufdu = /(go T)fdu
X X

forall fel) and ge L.
In particular, the Perron-Frobenius operator P, of T under the Lebesgue measure A is (see [4,
p. 86])

_4 _ f® .
Pxf(x)_a / fdr= Z Ol ae.inl. (A1)

71([0.41) terTl®

The probabilistic interpretation of P, is immediate: if an X-valued random variable & on X has u-
density h, that is, u(§ € A)= [, hdu, A€ X, with h >0 and [, hdp =1, then 7 o § has u-density
P, h. The following properties hold:

(i) P, is positive, that is, P, f >0 if f > 0;
(ii) P, preserves integrals, that is, [, P, fdu= [, fdu, feLl;
(iii) 1I1Pwllp.u :=sup(IPyufllp.p: f €L, Ifllpu=1)<1forany p>1and p=oc;
(iv) for any n € N4 the nth power PZ of P, is the Perron-Frobenius operator associated with the
nth iterate " of T under wu;
(V) (Ppuf)*=Py,f* forany f e L!, where z* = complex conjugate of z € C (= the set of complex
numbers);
(vi) Pu((goT)f)=gP,f forany fel) and geL;
(vii) P, f = f if and only if T is v-preserving, where v is defined by v(A) = [A fdu, Ae X. In
particular, P, 1 =1 if and only if 7 is p-preserving.

Proof of Proposition 2.5 From above, it is sufficient to show that the function p, defined in (2.29) is
an eigenfunction of the Perron-Frobenius operator of 7, with the eigenvalue 1:

Pm ()
lTn (O

Pr,pm(X) = (A.2)

tety (%)
First, we note that

e m
Tm (x)_{—1+(m_l)x.z>l,er]. (A.3)
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Thus
> (m—1m™ m~i
P om () _g (1+(m— 1)x)2p’"(1 + (m — 1)x>
:Z(m— DHm~+D ! : ! :
P (Mm=Dx+m—-1mED £ 1) (m—Dx+m—Dm=i+1)

o0

1 1 1
m—1 g((m—l)x—k(m—l)m(i*l)—i—l a (m—l)x+(m—l)m*i+1>

1 1 1
m—1 ((m—l)x—i—l B (m—l)x+m)
3 1
©(m—=1Dx+1)((n — 1)x+m)

=pm(x). O

Proof of Proposition 3.1. We should show that ¥m(T;,' (B)) = ¥m(B) for any B € B7 or, equivalently,
since T, is invertible on £22, that

Vm(Tm(B)) = Ym(B), forany B e B7. (A4)
We start with B = (a, b) x (c,d), where
a=m- ™V p_m jeN,

and c and d are the arbitrary numbers from (0, 1). Then

m b d A
Tm(B) = mX), —————— ,b), ,d)}. 5
Tm(B) {(f ) (m_l)yH)(xe(a ), ye( )} (A5)
Taking x=m~*% 0 <6 <1, we have
m? —
Tm(X) = , aj(x) =i
m—1
such that
zn(B) = ( (0,1 m! m (A6
T )_<(’ )’<(m—1)d+1’(m—1)c+1>>' 6)
Let

I(m,i,c,d)= m! m!
m1c )=<(m—1)d+1’(m—1)c+1>'

A simple computation yields
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1

_ dy
Tm(B)) =k dx
7m(Tm(B)) ""/ / (M —Dx+y) +1)?
0 I(m,i,c,d)
m-i d d
y _
=k dx = B
m / /((m—l)(x+y)+1)2 Vm(B)
m—@+1) c
that is, (A.4) holds.
Next, we consider the case
m~i m™i

a=— 2 p= : . ijeN,
(m—1m—J +1 m—nm-G11

and (c,d) is an arbitrary interval. Now, with

m-i
Xx= . :
(m—1)m=0+0) 41

we have
logx~'| it log(1+ (m — Hm= Uy | log(1 + (m — Hm~U+?)
logm |~ logm - logm
and
1 -1
aj(x) = { 08X J =1i.
logm
Thus,
log(1+(m—1m=U+0)) .
M=t =m  om —1=(m—m U+0),
Hence,
i i
Tm(B) = (m~U*tD m~J m R . A7
m(B) = P\ @ ha1 moner (A7)

A straightforward calculation shows us that

=
o dy
m mB :Im
Vm(Tm(B)) =k /d" / M —1Dx+y) +1)2

m—U+1 I(m,i,c,d)

d
_ dy o
= kn f d"/ m-Dutpsnz /P

[(myiym—j_m—(}"*'l))

that is, (A.4) holds.
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Since any arbitrary interval (a,b) can be written as a reunion of fundamental intervals the proof
is complete. O

Proof of Proposition 4.1. (i) Let 7 : I; — I denote the restriction of 7, to the interval I; =
(m~ D m—1) i eN, that is,

tm,i(x)=;<m7 —1), xelj. (A.8)
m X

For any f ¢ L},m and any A € Bj, we have

[ sim=% [ sam=% [ rim. (A9)

_ ieN _ IEN _
T (A) T (AN)) T i(A)

For any ie N, by the change of variable
X = -[_]( ) — i (A 0)
=T, (V)= ( Yy s 1

we successively obtain

[ stm=t | /) dx
(m—"Dx+1)((m—1Dx+m)

T (A) T H(A)

_ / fi(y) (m—1m~
") (m = Dul(y) + D(m = Duly(y) +m) (m— 1)y + 1)

1
(Mm=1Dy+m—-Dm i 4+1)

=km/f(u£n(y))(m—1)m“"+”
A
1
x ((m—"1y+ (m— 1m0+ 4 1) ay

Z/P,"n((m— DY) f (b (1)) Ym(dy). (A11)

A

Now, (4.3) follows from (A.9) and (A.11). O
(ii)(a) From (A.8) and (A.10), for any f € L},m and any A € Bj, we have

/fdMZ/fdMZ/fdu

wl(A) Nt an) N1

_ f )y 3)m = m™!
= [ reonwdx= IGN/ T ay

ieN__7
Ti (A

h o
/Z o (U]n;ix—)i_)l)z (m—DHm~" f (ul, (0) dx. (A12)
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Since du = hda, (4.5) follows from (A.12). Now, since g(x) = ((m — 1)x + 1)((m — 1)x + m) f (x)h(x),
from (4.3) we have

((m - 1)x+m) —i i i
Ungx) = m(m -1 gN:m h(up () f (up, (%)). (A13)

Now, (4.6) follows immediately from (4.5) and (A.13). O
(b) We will use mathematical induction. For n =0, Eq. (4.8) reduces to

;L(A):/h(x)dx, A e By,
A

which is obviously true. Assume that (4.8) holds for some n € N. Then

w(mm "V B) = u(ry" (' (A))

_ / Umf®
((m—=Dx+1)((m—Dx+m)

T (A)

1
= / U f () dym(x).

' (A)
By the very definition of the Perron-Frobenius operator Up, = P,,, we have
[ sy = [unray.
' (A) A

Therefore,

_ 1
(™0 (A)) = k—/U%“dem

m

A
B / Untt f )
) (m—=1Dx+1)((m—Dx+m)
A
which ends the proof. O

Proof of Proposition 4.2. (i) For x, y € I we have

Unf@) = Unfy) =Y (P (m=1x)f (ul,0) — Ph((m = 1)y) f (u},()))
ieN
=Y (Pn((m = 1)x) = Pl ((m = Dy))(f (up ) = f ()
ieN

+ 3 Ph(m = 1)y) (f (@) = f (1))

ieN
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= 2 (P(m=1)%) = Py ((m = D)) (f (1 0) = f (up )

ieNy

+ 3 Ph(m—=1Dy) (f (ufy @) = f (uh (1))

ieN

Note that the function P% is increasing, while the functions P;n, i € N4, are all decreasing. Let x < y,
with x, y € I. It follows from the above equation that

[Unf@) = UnfW|<| DY (Ph(m—1x) — Py, ((m = 1)y)) | var f

i€N+
+ sup an((m -1y) Zvar[x,yj fouix)
yel,ieN ieN

=(1-PY((m—1)x) =1+ P ((m—1)y))var f

+ PR(m—1) Y varpy ) f o ui(x).
ieN

Hence

varUp f < (2P,?1(m -1 - P%(O))varf — <;’;l:_mm—_1)l B ;;1—_11 ) var f

_ (m—=1@Bm*—3m+1) v
T m—-Dm2+m-—1)

ar f.

Define f by f(x)=0,0<x< i, and f(x) =1, & <x< 1. Then we have Up f(x) = PS4 (x), 0<x <1
2
and Unm f(1) = 0. Since varUp, f = {=DGM=3m+D anq var f = 1, it follows that the constant Kp

2m—1)(m2+m—1)
cannot be lowered. O
ii e transition operator of (s9)nen. takes f e o the function defined by
(i) The t t t f (si)nen, takes f e B(I) to the function defined b

Ea(f(sh1) |55 =5) =D Pp((m —1)s) f (upy ()
ieN
=Unf(s), sel, (A14)

where E, stands for the mean value operator with respect to the probability measure ya. 0O
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1. Introduction

The purpose of this paper is to prove a Gauss—Kuzmin-type problem for N-continued fraction expansions

introduced by Burger et al. [3]. In order to solve the problem, we apply the theory of random systems with

complete connections by Iosifescu [9].

Fix an integer N > 1. In this paper, we consider a generalization of the Gauss transformation, i.e.,

N |N
Ty(z):={ = bJ zel:=[0,1,z#0, (1.1)
0, z=0

where |-| denotes the floor (or entire) function.

The generalized Gauss measure G (A4) =

1 dz
A € B; = o-algebra of all Borel
10g{(N+1)/N}/:c+N’ € B; = o-algebra of all Bore
A

subsets of [0,1] is Ty-invariant, ie., Gy (Ty'(A)) = Gn(A) for any A € By. Define ai(z) = |N/z],
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€ (0,1], a1(0) = 00, and an(z) = a1 (Ty '(z)), z € I, n € Ny == {1,2,...}, with T (z) = z. By the very
definitions, Burger et al. proved in [3] that any irrational 0 < x < 1 can be written in the form

N
Tr = N = [al,ag,ag,...]]v (12)

ay +
az +

as+

where a,,’s are non-negative integers. We will call (1.2) the N-continued fraction expansion of x. In [4],
Dajani et al. proved that (I, Br, Gy, Tn) is an ergodic dynamical system.
The Perron-Frobenius operator of Ty under a non-atomic probability measure y on Bz (i.e., u(Tx" (A ))
0 whenever u(A) = 0) is defined as the bounded linear operator U on the Banach space L'(I, ,u) {f
I —C: [;|fldn < oo} such that the following holds:

/deu: / fdu forall Ae By, fe LY, u). (1.3)
A T (A)

In particular, the Perron—Frobenius operator of Ty under G is

N
{UfHz) = Vni(x) ( ) feL'(I,Gy) (1.4)
+1
i>N
z+ N ) . .
where Vi ,; = for any ¢ > N and n € Ny [17]. An important fact is that for any

(x+0)(x+i+1)
probability measure p on By such that p < A, where X is the Lebesgue measure on Bj, we have

0 (T5"(4)) = / (U™ [} (2)dGy (x) (1.5)
A

where f(z) := (log (2)) (z + N)h(z) for z € I [17].
The problem of finding the asymptotic of Ty"(A) as n — oo represents the Gauss—Kuzmin-type problem
for N-continued fraction expansions.

Theorem 1.1 (A Gauss—Kuzmin theorem for Tx ). Fiz an integer N > 1 and let (I,Br,Tn) be as above.
(i) For a probability measure p on (I,Br), let the assumption (A) as follows:
(A)  u is non-atomic and has a Riemann-integrable density.

Then for any probability measure p which satisfies (A), the following holds:

1 o z+ N
log{(N +1)/N} "N

hm p(Gy < z) = zel. (1.6)

(ii) In addition to assumptions of p in (i), if the density of I 3 x — u([0,x]) is Lipschitz continuous, then
there exist two positive constants ¢ < 1 and { such that for any x € I and n > 1, there exists 0 with
|6] < ¢, the following holds:

14 6q™ x+ N
log{(N 1+ 1)/N} 8 N (17)

n(Gy <z)=
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where 0 := (N, u,n, ). As a consequence, the n-th error term e, (N, p; x) of the Gauss—Kuzmin problem
1s obtained as follows:

_ Oq™ o r+ N
T log{(N+1)/N} BTN

en(N, 115 2) (1.8)

The paper is organized as follows. In Section 2, we recall random system with complete connections
(=RSCC), and show examples and properties. In Section 3, we prove Theorem 1.1. By using the ergodic
behavior of the RSCC associated with N-continued fraction expansion, we determine the limit of the se-
quence (u(G% < ) )p>1 of distributions as n — oco.

2. Random systems with complete connections

In this section, we introduce random systems with complete connections and show its properties.

The first explicit formal definition of the concept of dependence with complete connections was given
by Onicescu and Mihoc [22]. It is a non-trivial extension of Markovian dependence theory, and it was also
investigated by Doeblin and Fortet [5] and by Harris [7]. The concept of random system with complete
connections (=RSCC) was defined by Iosifescu [8].

Examples of RSCC are urns models [22,10], stochastic learning processes [21,10,12], partially observed
random chains [10], image coding [1], continued fraction expansions [9,16,23-25] and others.

An RSCC is often called an iterated function system with place-dependent probabilities or simply an
iterated function system (= IFS) [2]. Applications of IFS to continued fractions can be found in [15,19]. For
more detail, see [9-11].

2.1. Definitions and their extensions

In this subsection, we introduce the definition of random system with complete connections which is
restricted to a smaller class than the original. Next we extend domains of functions in such a system.

Definition 2.1. [8,9.21] A random system with complete connections (=RSCC) is a quadruple
{(WoW), X, u, P} (2.1)
where
(i) (W, W) is a measurable space and X is a non-empty set;
(ii) w: W x X — W is a measurable function with respect to W for each element in X;
(iii) P : W x X — [0,1] satisfies that > _y P(w,z) = 1 for each w € W, and P(-,x) is a measurable

function on (W, W) for each z € X.

For an RSCC in Definition 2.1, we call W, X, u and P, the state space, the event space, the transition
function and the (W, X)-) transition probability function, respectively ([21], Section 1.2). The role of the
function w is to change a state w € W into the new state w’ = u(w,z) € W by an event z € X:

Wowsw =u(w,x) € W. (2.2)

In this case, P(w, ) is regarded as the probability of the transition w — w’ which depends on the information
of both w and z.
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Remark 2.2.

(i) In the original definition of RSCC in [9], X is assumed as a measurable space (X, X). In Definition 2.1,
we treat only the case X = P(X) (= the power set of X). A lot of examples in [9] satisfy this condition.

(ii) An RSCC can be regarded as an automaton with output [20,13]. A Mealy machine (W, X, A, u, \)
consists of three sets W, X, A and two maps u, A where W is the set of states, X is the input alphabet,
A is the output alphabet, and the transition function v : W x X* — W and the map of outputs
AW x X* — A* which satisfy

u(w, za) = u(u(w, ), a), . - y
{A(wvm) = AMw, 2)Mu(w, z), a), €EXaeXweW (2.3)

where X* and A* denote free semigroups generated by X and A, respectively. When it is an RSCC,
A =[0,1] and A* is reduced to the [0, 1] with respect to the multiplication in (R, x), = : A* — [0, 1].
The map 7o A is a transition probability function P. An example of Mealy machine as an RSCC will be
shown in Example 2.5. The similarity can be explained as the reason that initial applications of RSCC
were related to learning processes which may be understood as an algorithmic study of such systems.

For a given RSCC {(W, W), X, u, P}, we extend domains of both v and P as follows.

(i) In order to extend the domain of u, we prepare the free semigroup X* generated by X as follows: In
Definition 2.1, we regard X as a set of letters, and treat X™ as the set of all strings of length n > 1. We
write an element (z1,...,2z,) € X™ as 21 - - - x,. Then the set X* of all strings with the empty letter
€ is a semigroup with the concatenation as its product, and the unit of X* is €. The semigroup X* is
called the free semigroup generated by X [18].

With respect to the semigroup X*, the function u induces a unique right action of X* on W which is
denoted by the same symbol u here:

u:Wx X" =W, (w,z)— we:=uw,). (2.4)

For example, w(zz’) is defined as (wz)zr’ = u(u(w,z),z’) for w € W, x € X* and 2/ € X. For
x=ux1- Ty, € X", we can write wzr := w(xy -+ x,) for w € W.
(ii) Let P(X) denote the power set of X. The domain W x X of P is extended to W x P(X) as follows:

Z P(w,z), A#0,
P(w, A) = { = (w, A) € W x P(X). (2.5)
0, A=,

By Definition 2.1(iii), we see that (X, P(X), P(w,-)) is a probability space for each w € W.
As a generalization of P, we define P, : W x X" — [0, 1] for each r > 1 by
P =P, P.(w,zz'):=P._1(w,z)P(wz,z'), (2.6)

with w € W, 2 € X"~!, 2 € X, r > 2, where the notation in (2.4) is used. Then we see that P.(w, z) means
the transition probability from w to w - x along the path w — wzr; — wxi22 — -+ — wxy .-z, with
length r. For A C X", we also define

P.(w,z), A#0,
P.(w, A) := zeZA (2.7)
0, A=10.
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By definition, P,(w, A) is the summation of all paths from w to w -« for € A. For example, we can verify
that P.(w, A x X) = P._1(w, A) for any (w, A) € W x P(X"~1) by Definition 2.1(iii) and (2.6). Especially,
P.(w,X") = 1. Hence (X", P(X"), P-(w,-)) is also a probability space for each w € W and r > 1.

2.2. Transition probability functions defined on the square of the state space

Let {(W, W), X,u, P} be as in Definition 2.1. Recall that P is the transition probability function with
the domain W x P(X). We define new transition probability functions with the domain W x W in this
subsection.

2.2.1. Space of paths
For w,w’ € W, define the subset X (w,w’) of X by

X(w,w'):={z € X :u(w,z) =w'}. (2.8)
Then X (w,w’) can be identified with the set of all paths from w to w’ with length 1. Remark that X (w, w’)
may be the empty set. By definition, X (w,w") N X (w,w") = @ when v’ # w" and [],, cy X(w,w’) = X.

From these properties, the following holds.

Fact 2.3. For (w,B) € W x W, let X(w,B) := {z € X : u(w,z) € B}. Then the following holds for each

(i) X(w,B)NX(w,B") =0 when BN B’ = {.
(i) X(w,B) =Uep X(w,w').

(i) X(w,B) C X(w, B’) when B C B'.

(iv) X(w,B)UX(w,B") = X(w,BUB’).

In [9], the symbol X (w, B) is written as B,,.

2.2.2. Transition probability functions defined on the square of the state space
By using the extension of P in (2.5) and X (w,w’) in (2.8), define the new function Q : W x W — [0, 1]
by

Q(w,w") := P(w, X (w,w)), (w,w')e W x W. (2.9)

This means the total sum of transition probabilities from w to w’ by all possible event x € X. We extend
the domain of @ to W x W as follows ([9], (1.1.11)):

Q(w,B) := P(w,X(w,B))= > P(w,x), (w,B)eW xW. (2.10)
zeX (w,B)

We call Q the (W, W)-) transition probability function associated with {(W, W), X, u, P}. The number
Q(w, B) means the probability such that a state w changes to a state belonging to B by measuring all
possible (one-step) events. For w € W, define the function @,, as

Qu:W—=10,1; Qu(B):=Q(w,B), BeW. (2.11)
By Fact 2.3,

0< Qw(B) < Qw(W) =1,
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Qu(B) + Qu(B') = Qu(B U B') when BN B = 0. (2.12)

Hence (W, W, Q,,) is a probability space for each w € W. Remark that Q,, can be defined on the whole
of P(W), but we restrict Q,, on the given o-algebra W C P(W) here. Thanks to Q,,, we can define the
integration [, f(w’) dQ.(w’) for B € W and a measurable function f on (W,W).

For w,w’ € W, define the family {Q®) (w,w') : k > 1} recursively as

QW (w,w') = Q(w,v’), Q¥ (w,w'):= / dQu(w") Q¥ V(w" w'), k> 2. (2.13)

w

By definition, Q) (w, w’) is the expectation value of Q*~1) (., w’) on the probability space (W, W, Q.,). We
extend the domain of Q) to W x W as follows:

QM (w, B) = Q(w,B), Q" (w,B):= / Q) Q*D(w! B), k>2. (2.14)

w

We will say Q%) the k-step transition probability function of the Markov chain associated with {(W, W), X
u, P}. We see that (VV, W7Qq(f)> is also a probability space for each w € W and k& > 1 where Qq(f) =
Q") (w, -). Furthermore, define

ZQ (w,Bye W xW,n>1. (2.15)

k=1

3\'—‘

For example, Q1 = Q. Then (W, W, Q) is also a probability space for each w € W where @y, (B) :=
Qn(w,B) for BeW.

2.83. Ezamples
In this section, we shall give two examples of RSCC.

Example 2.4. We show the RSCC associated with regular continued fraction expansions. More precisely, it
is the RSCC associated with the dynamical system (I, By, 7) where 7 is the Gauss transformation, defined
as 7 = T1, where Ty is as in (1.1). Define the RSCC {(W, W), X,u, P} as W = [0,1], W = By ), X = Ny,

1
w4+’

u:WxX->W;, uwz)= (2.16)

w+1
(w+z)(w+x+1)

P:WxX—10,1; Plwzx)= (2.17)

By definition, we see that u(-,z) is also a right inverse of 7 for each x € X, that is, 7(u(w,z)) = w for
any w € W. This shows that the dynamical system (I, By, 7) is encoded onto the RSCC {(W, W), X, u, P}.
About more details, see Sec. 1.2 of [9].

Example 2.5. According to §3.1 of [13], we show a simple (but non-trivial) example of (finite) RSCC by
using a finite automaton with input/output. Define the data {(W, W), X,u, P} as follows:

(i) For the 2-point set {1, 2}, let P({1,2}) denote its power set. Then ({1,2}, P({1,2})) is a measurable
space. Define (W, W) := ({1,2},P({1,2})) and X := {1,2}.
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Fig. 1. RSCC as Mealy machine.

(ii) Any function u : W x X — W is measurable with respect to (W, W) by definition. For example, let
u(i, j) =g, i,j=1,2. (2.18)

(iii) Any transition probability function P : W x X — [0,1] is uniquely defined by two real numbers
P(i,1) € [0,1] for i = 1,2. For example, for 0 < o, 8 < 1, define P(1,1) = o and P(2,1) = . Then
they define a unique transition probability function P as

P(1,1)=a, P(1,2)=1-a, P@2,1)=8, P22 =1-8. (2.19)
For example, the value Q(1,1) of @ in (2.9) is computed as follows:
Q(1,1) = P(1,{z € {1,2} s u(l,2) = 1}) = P(1,1) = a. (2.20)

Remark that u in (2.18) is the case such that u(i,-) does not depend on i € W ([9], p. 15, (i)). As the case
such that u(i, ) depends on i € W, we can define other w, for example, u(i,j) =i for i € W, j € X.

We can illustrate this example as a finite automaton with input/output (= Mealy machine [20]). Assume
that {(W, W), X,u, P} is as in (2.18) and (2.19). For this system, we draw the transition diagram (= an
oriented graph with labeling edges) as follows:

(1) The set of vertices is the state space W = {1, 2}.

(2) For two vertices 4, j € W (i and j may be same), if there exists an event (= input signal) k € X = {1,2}
such that u(i, k) = j, then draw the oriented edge from ¢ to j. We write (4, k, j) as this edge here.

(3) Write “k/P(i,k)” as the label of an edge (i, k, ).

According to these rules, the transition diagram of the RSCC is illustrated as Fig. 1.

For example, from (2.18), u(1,1) = 1, and from (2.19), P(1,1) = a. Hence the label of the edge (1,1,1)
is given as “1/a”. About a Markov chain related to this example, see Chap. 5 of [6]. About other examples
of Mealy machine, see [13,14].

2.4. Operators associated with an RSCC

In this subsection, we present the asymptotic and ergodic properties of operators associated with an
RSCC. To state these results, we prepare definitions. We add the following assumption for all RSCC in this
subsection:

Assumption (B). For an RSCC {(W, W), X, u, P}, W is a measurable subset of the measurable space (R, Bg)
and W = By .

Thanks to Assumption (B), we can use the absolute value |- | and the Lebesgue measure on W induced
by R, which will be necessary in this subsection.

Let L*° (W) denote the Banach space of all complex-valued bounded measurable functions defined on
(W, W). We define operators on L>°(W) associated with an RSCC {(W, W), X, u, P} as follows.
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Definition 2.6.

(i) The transition operator U on L (W) is defined by

{UfHw ZPw z) flu(w,x)), feL*W), weW. (2.21)
zeX

(if) ([9], (3.1.7)) For n > 1, define the operator U,, on L>(W) as

{UnfHw /f )dQnw(w'), feL®W),weW (2.22)

where Q= Qn(w,-) is as in (2.15).
Remark 2.7.

(i) Let U be asin (2.21). For each w € W, {U(f)}(w) is the expectation value of (fou)(w, -) with respect to
the probability space (X, P(X), P(w,-)). For example, if f is the characteristic function of B € W, then
we see {U f}(w) = Q(w, B). For each n > 1, {U" fH(w) = > xn Pn(w,z) f(wz) where U™ denotes the
n-the iterate of U and P, is as in (2.6) for r = n.

(ii) Let U, beasin (2.22). Remark that U, is well-defined on L> (W) because @, ., is a probability measure.
For example, if f is the characteristic function of B € W, then {U; f}(w) = Q(w, B). Since

Qnw(w') = Qn(w,w) %ZQ (2.23)
k=1
we see that
— 1 - i (k) (),
Uartw) = > [ ) dad w). (22
k=1y,

Next, let L(WW) denote the Banach space of all complex-valued Lipschitz continuous functions on W with
the following norm || - ||

|f (') = f(w")]

b)
/_w//|

Ifll := sup |f(w)|+ sup feLWw). (2.25)
weW

,w/;éw// |’LU

Remark that we use Assumption (B) here. By definition, L(W) C L*>°(W).
According to [9,21], we introduce several characterizations of the operator U in (2.21) as follows.

Definition 2.8. ([9], Definition 3.1.4, [21], Definition 2.1) Let W, U, U, L(W) be as in (2.1), (2.21), (2.22)
and (2.25), respectively. We consider restrictions of U, U,, on L(WW) as follows.

(i) U is ordered if there exists a bounded linear operator S on L(W) such that

N U~ SFll =0, feL(W). (2.26)

(ii) U is aperiodic if there exists a bounded linear operator S’ on L(W) such that
lim U7~ §'fllL =0, f e LOW), (2.27)

where U™ is the n-th iterate of U for n > 1.
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(iii) U is ergodic with respect to L(W) if U is ordered and the rank of S in (2.26) is 1.
(iv) U is regular with respect to L(WW) if U is ergodic and aperiodic.
(v) The Markov chain corresponding to U is regular if U is regular with respect to L(W).

Remark 2.9.

(i) Definition 2.8(i) and (ii) mean that sequences (U,) and (U™) converge to operators S and S’, respec-
tively, with respect to the strong operator topology on L(W).

(ii) Under the Assumption (B), W is separable. In addition, if W is complete and U is orderly, then there
exists probability measures {QS° : w € W} on (W, W) such that

(81w = [ Q) fw), feLw) wew (2.28)
w
by Theorem 3.1.24 of [9] where S is as in Definition 2.8(i).
(iii) In addition to the assumption in (ii), if U is ergodic with respect to L(WW), then Sf in (2.28) is a

constant function on W for any f € L(W). Therefore the operator S is identified with a bounded
linear functional on L(W), S : L(W) — C. Then (2.28) is rewritten as

S LW) > C; sz/dQOO(w’)f(w’), feLw) (2.29)
w

for some probability measure Q> on (W, W).

Definition 2.10. ([9], Definition 3.1.15) Under the Assumption (B), {(W,W), X, u, P} is an RSCC with
contraction if the following conditions are satisfied:

(i) ry < 00,
(ii) ¢ < 1 for some ¢ > 1, and
(ifi) R < oo

where () and R are defined as

|w'x — w"z|

TR = Ssup P(w', x) , k>1, (2.30)
w’;éw” mg(:k |’lU/ — w//|
Pw',A) — P(w", A
R:= sup sup |P(w’, 4) (w?, )| (2.31)

ACX w'#w” |’UJ/ - ’U}”|

Remark that we use the Assumption (B) for |- | in Definition 2.10.
When k =1, (2.30) is rewritten by using u as follows:

lu(w', z) — u(w”, z)| (2.32)

ryL = sup P,z

w! F#w'’ acEZX ( ) |w’ — ’UJ”|
If sup,, s [u(w', 2) — u(w”, z)|/[w" — w”| < 1, then r; < 1. In this case, assumptions (i) and (ii) in
Definition 2.10 are satisfied.
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Theorem 2.11. Under the Assumption (B), let {(W, W), X,u, P} be an RSCC with contraction. For Q™ in
(2.13), define (o,,) by

on(w) :=supp Q™ (w,-), weW (2.33)
where supp i denotes the support of a measure p. Assume that W is compact. Then the following holds.

(i) The Markov chain associated with the RSCC is regular if and only if there exists a point wy € W such
that

lim dist(o,(w),wp) =0 forallw e W (2.34)

n—oo
where dist(A, w) := inf,req |w' —w| for ACW.
(ii) For (o,) in (2.33), the following holds:
Om4n (W) = U on(w'), (2.35)
w € (W)
for all m, n € Ny, w € W, where the overline means the topological closure in W.
Proof. (i) See Theorem 3.3.31, p. 116, of [9].
(ii) By assumption, W is a compact metric subspace of R. Hence the @ in (2.10) is “continuous” in

the sense of Definition 3.3.1 in [9]. Therefore we can apply Lemma 3.3.32, p. 117 of [9] and the statement
holds. O

Definition 2.12. Let {(W, W), X, u, P} be an RSCC and let P, be as in (2.7).
(i) For w € W, n,r € N, and A C X", define
P (w, A) := Pryp_q(w, X" ! x A), (2.36)

with the convention X0 x A := A.

(i) ([9], Definition 2.1.4) An RSCC {(W, W), X,u, P} is said to be uniformly ergodic if for any r € N4,
there exists a probability measure P>° on (X", P(X")) such that the sequence {P(w,A) : n > 1} in
(2.36) converges uniformly to P>°(A), that is, the following sequence (&5, )nen, goes to 0 when n — oco:

en = sup{|P*(w,A) = P*(A)|:we W, re Ny, AC X"}. (2.37)

Theorem 2.13. Under the Assumption (B), let {(W, W), X,u, P} be an RSCC with contraction such that
W is compact. Assume that {(W, W), X, u, P} has a regular associated Markov chain. Then the following
holds:

(i) {W, W), X, u, P} is uniformly ergodic.
(ii) Let Q> be as in Remark 2.9(iii). Then the probability measure P> in (2.37) is given as follows:

P=(A) = / P (w, A)dQ™(w), A€ P(X") (2.38)
w

where Py is as in (2.7).
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Proof. (i) From Theorem 3.4.5, p. 125 in [9], the statement holds.

(ii) By (i), conditions in Remark 2.10(ii) and (iii) are satisfied by assumption. Hence we obtain Q> on
(W, W) in (2.29). From Theorem 3.4.5, p. 125 in [9], the statement holds. O
3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. General results in Section 2 will be applied to N-continued fraction
expansions.

8.1. RSCC associated with N -continued fraction expansion

Fix an integer N > 1. We introduce a random system with complete connections (= RSCC)
{(1,Br), A, u, P} as follows:

N
u:l xA—1T, u(x,i)::uNJ(x):x_'_i,
r+ N
P:IxA—T; P(z,i) = Vy.i(z) = (3.1)
x A — I (x,1) = Vn,(z) Gr)@ritD)
A={N,N+1,...}.

By the definition of P and using the partial fraction decomposition, » ;.\ P(z,7) = 1. By (2.10),
Qx,B) = Y iex(u,p) Vn,i(@) for (z,B) € I x By where X(x,B) := {i € A : uny;(z) € B}. Let U and
Q™ be as in (2.21) and (2.14), respectively. By definition, {(I, Bs), A, u, P} satisfies the Assumption (B)
in Section 2.4.

For the dynamical system (I,Bj,Tx) in Section 1 and a given probability measure p on (I, By), the
ergodic behavior of the RSCC in (3.1) allows us to find the limiting Gauss—Kuzmin distribution F' with
respect to (T, p):

F(z):= lim pu(Ty <z), zel (3.2)
n—oo
and the invariant measure induced by F'.
Lemma 3.1. {(I, B;), A, u, P} is an RSCC with contraction.

Proof. We have

L D O
de 7 T dr VN T T @402
d 2 +i—2Ni— (22 + 2Nz + N)
_p = 3.3
@) @ +i)2(xt+it1)? (3:3)
for any z € I and i € A. Thus,
d N
Zulz,i)| <=, i€A 3.4
ilgz) mu(x 1) < 2 (3.4)
d :
sup |— P(x,1)| < oo. (3.5)
xel | AT

Hence the requirements of Definition 2.10 are fulfilled. O
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Lemma 3.2. {(I,B;),A,u, P} has a reqular associated Markov chain.
Proof. By Theorem 2.11(i), it is equivalent to that

r there exists a point z* € I such that
(T) li_>m dist(op(2),2") =0 forallz el

where we remark that W = I = [0, 1] in this case. Hence we show the condition (I") as follows.

for

Fix € I. Let us define the sequence (z,)n>0 in I, recursively by xg := z, Tp41 = N
> T

n > 1. Clearly z,+1 € o1(x,) and therefore Theorem 2.11(ii) and an induction argument lead us to the

—N + VN2 +4N

conclusion that z, € o,(z) for n € N . But, hm T, = 2° = 5 for any = € I. Hence
—N + VN2 +4N

dist(oy, (2), %) < |2, —z*| = 0 as n — oo. Hence we find z* := in the condition (T'). O

2

Proposition 3.3. {(I, B;), A, u, P} is uniformly ergodic.

Proof. In order to apply Theorem 2.13 to the RSCC {(I,Br), A, u, P} in (3.1), we check assumptions in
Theorem 2.13. By definition, I is compact. By Lemma 3.1, {(I, By), A, u, P} is an RSCC with contraction.
By Lemma 3.2, {(I, Br), A, u, P} is regular. Hence all assumptions in Theorem 2.13 are satisfied. Hence the
statement holds. O

Let L(I) denote the Banach space of all complex-valued Lipschitz continuous functions on I. The regular-
ity of U in (1.4) with respect to L(I) follows from Theorem 2.11. Moreover, the sequence {Q™(-,-) : n > 1}
in (2.14) converges uniformly to a probability measure Q(>) on (I, Br) and that there exist two positive
constants ¢ < 1 and k such that

|Unf = Usofllz < kg"llfll, n €Ny, fe L) (3.6)
where
Uy L)~ L) {Unf}a / F(y) QU (y (3.7)
Us : L(I) > C;  Usf = / F(y) Q) () (3.8)
I

with Q™ (B) := Q™ (z, B) in (2.14).
Proposition 3.4. The probability Q> is the invariant probability measure of the transformation T .

Proof. For Gy in Section 1 and @ in (2.10), and on account of the uniqueness of Q(>) we have to show
that

1
/QxBﬂm) Gn(B), BeB. (3.9)
0

Since the intervals [0,u) C [0,1) generate By, it is sufficient to show the equation (3.9) just for B = [0, u),
0 <u<1 Let E(x,N) = |Z —z] + 1. Since Q(z,B) = Yiex(x,p) VN,i(z) for (z,B) € I x By where
X(z,B):={ieN: uNl( ) € B}, we have



622 D. Lascu / J. Math. Anal. Appl. 444 (2016) 610-623

Qm(x,[0,u)) = >, V(@)= Y Vwile)

{ieN:0<u; (z)<u} i>FE(x,N)
N — E(z,N)
=——1 2 3.10
z+ E(x,N) (3.10)
Thus,
h 1 N
T+
))d 1 = . A1
0
Hence the statement holds. O
3.2. Proof of Theorem 1.1
By using Proposition 3.3, we prove Theorem 1.1.
Proof of Theorem 1.1. Fix an integer N > 1 and let Gy be as in Section 1. By (1.5), we have
1 (TN (A)) = /{U"fo}(gc)dGN(a:) forany n e Ny, A € By (3.12)
where fo(z) = (x + N)(du/d))(x) for € I. If du/dX € L(I), then fy € L(I) and by (3.8) we have
U0 = [ o) @) = [ fola) Gt
1 I
1 x+ N
= dA dz = 1 3.13
[ i e) e = o s T (313)
1
Taking into account (3.6), there exist two constants ¢ < 1 and & such that
|7 o~ U po|| < kg Ifoll, s e Ny (3.14)

Furthermore, consider the Banach space C(I) of all real-valued continuous functions on I with the norm
| f]| == sup,es | f(z)|. Since L(I) is a dense subspace of C(I) we have

lim H (U” - U<°°>) fH =0 forall feC(I). (3.15)

n—oo

Therefore, (3.15) is valid for a measurable function fo which is Q(°>*)-almost surely continuous, that is, for
a Riemann-integrable function f. Thus, we have

lim p (G <o) = lim / (U™ fo} (1) G (du) (3.16)

n—oo

1 x4+ N
= g (N + /) log / Gy (du) (3.17)

1 1 z+ N
= o)
log{(N +1)/N} ® N

(3.18)

Hence (1.6) is proved. O
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A Gauss—Kuzmin-type theorem for #-expansions

By DAN LASCU (Constanta) and FLORIN NICOLAE (Constanta)

Abstract. A generalization of the regular continued fractions was given by
S. Chakraborty and B. V. Rao in 2004. For the transformation which generates this ex-
pansion and its invariant measure, the Perron—-Frobenius operator is given and studied.
For this expansion, we apply the method of Sziisz from 1961 and obtain the solution of
its Gauss—Kuzmin-type theorem.

1. Introduction

S. CHAKRABORTY and B. V. RAO [3] considered a continued fraction ex-
pansion of a number in terms of an irrational 6 € (0,1). This new expansion of
positive reals, different from the regular continued fraction expansion, is called
the #-expansion.

The purpose of this paper is to give some ergodic properties, and to solve a
Gauss—Kuzmin problem for #-expansions. In order to solve the Gauss—Kuzmin
problem, we apply the method of SzUsz [14], [21]. First, we outline the historical
framework of this problem. In Section 1.2, we present the current framework.
In Section 1.3, we review known results. In Section 1.4, the main theorem will be
shown.

Mathematics Subject Classification: 11J70, 11K50, 37C30.
Key words and phrases: continued fractions, invariant measure, Gauss—Kuzmin problem.
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1.1. Gauss’ Problem and its progress. Any irrational 0 < x < 1 can be
written as the infinite regular continued fraction

1
T = i = [0;a1,a2,as,...], (1.1)

1

(12+
a3+.'-

where a, € Ny := {1,2,3,...} [7]. Define the regular continued fraction (or

Gauss) transformation T on the unit interval I := [0, 1] by
1 1
- — {J ifx#0,
T(x) =% z (1.2)
0 ifx=0,

where |-] denotes the floor (or entire) function. With respect to the asymptotic
behavior of iterations 7™ = 7o --- o7 (with 7 repeated n times) of 7, in 1800
Gauss wrote (in modern notation) that

. log(1 + z)
n < — o\ = "/ .
nhm AT x) = log2 xz e, (1.3)

where A denotes the Lebesgue measure on I. In 1812, Gauss asked Laplace [2] to
estimate the n-th error term e, (z) defined by

log(1+z)

en(x) = AN77"[0,2]) log 2

, n>1 zel (1.4)

This has been called Gauss” Problem. In 1928, KuzMIN [9] showed that e, (x) =
O(qV™) as n — oo, uniformly in z with some (unspecified) 0 < ¢ < 1. Inde-
pendently, LEVY [12] proved in 1929 that |e,(z)| < ¢™ for n € N4, x € I, with
q = 0.67157.... For such historical reasons, the Gauss—Kuzmin—Lévy theorem is
regarded as the first basic result in the rich metrical theory of continued fractions.

Apart from the regular continued fraction expansion, very many other con-
tinued fraction expansions were studied [14], [16]. By such a development, gener-
alizations of these problems for non-regular continued fractions are also called as
the Gauss—Kuzmin problem and the Gauss—Kuzmin-Lévy problem [8], [10], [11],
[17], [18], [19], [20].
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1.2. f-expansions as dynamical system. In this paper, we consider a gener-
alization of the Gauss transformation, and prove an analogous result.

This transformation was studied by S. CHAKRABORTY and B. V. RA0, and
P. S. CHAKRABORTY and A. DASGUPTA in [3] and [4], respectively, and by SEBE
and LAscu in [20].

Fix an irrational 6 € (0,1). In [3], the authors showed that any z € (0,6)

can be written in the form

x = T :=[0;a16,a20,.. ], (1.5)
a0 + I
a29—|—
a39—|—

where a,,’s are non-negative integers. We will simply write (1.5)
x = [a10, a0, .. ]. (1.6)

Such a,,’s are called incomplete quotients (or continued fraction digits) of x
with respect to the expansion in (1.5) in this paper.
This continued fraction is treated as the following dynamical systems.

Definition 1.1. Fix an irrational 6 € (0,1) and m € N, such that 6% = 1/m.

(i) The measure-theoretical dynamical system ([0, 0], Bjg 9], Tp) is defined as fol-
lows: B¢ denotes the o-algebra of all Borel subsets of [0, 6], and T is the
transformation

1—9{1J if x € (0,6],
Ty [070} — [0»9]§ Tg(x) ={ T 6
0 if z=0.

(1.7)

(ii) In addition to (i), we write ([0, 6], Bjo,6, Ve, To) as ([0, 0], Bjo,g), To), with the
following probability measure vy on ([0, 0], Bjo,g):

1 Odx
A) = A . 1.
70(4) 1og(1+e2)/Al+9x’ € B (1.8)

Define the quantized index map n : [0,0] — N by

n(z) = L“H 0. (1.9)

00 if x=0.
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By using Ty and 7, the sequence (ay)nen, in (1.5) is obtained as follows:
anl@) = n(TP "), n>1, (1.10)

with T3 (z) = .
In this way, Ty algorithmically generates the #-expansion.

Proposition 1.1. Let ([0, 0], Bjo,g7,70,Ts) be as in Definition 1.1 (ii).
(i) ([0, 0], Bjo,61,76, o) is ergodic.

(ii) The measure vy is invariant under Ty, that is, ve(A) = vo(T, *(A)) for any
A€ 8[079] .

PROOF. See Section 8 in [3]. O

By Proposition 1.1 (ii), ([0, 6], Bjo,e},76,Tp) is a “dynamical system” in the
sense of [1, Definition 3.1.3].

1.3. Known results and applications. For #-expansions, we show known re-
sults and their applications in this subsection.

Let 0 < 6 < 1 and m € N, such that 62 = 1/m. In what follows, the stated
identities hold for all n in case x has an infinite #-expansion, and they hold for
n < k in case x has a finite f-expansion terminating at the k-th stage [3].

To this end, define real functions p,(x) and g,(x), for n € N4, by

an(2)0pn—1(x) + pp—2(x), (1.11)
an(m)HQH—l(x) + Qn—2(55)a (112)

pn(®)
qn ()

with p_1(z) := 1, po(x) := 0, g—1(x) := 0 and go(x) := 1. By using (1.11) and
(1.12), we can verify that

n >0, (1.13)

and
) _ COHT@ w1
(@) an(@)(gn(2) + T3 (%) gn-1(2))
Putting N,,, := {m, m+1,...}, m € N, the incomplete quotients a,,, n € N,
take positive integer values in N,,.

We now introduce a partition of the interval [0,6] which is natural to the
f-expansions. Such a partition is generated by the fundamental intervals (or
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cylinders) of rank n. For any n € Ny and i(™ = (iy,...,i,) € N?, define the
fundamental interval associated with i by

I (i(")> ={x €[0,0] : ap(x) =iy for k=1,...,n}, (1.15)

where I (i) = [0, ).

Using the ergodicity of Ty and Birkhofl’s ergodic theorem [5], a number of
results were obtained.

For g, in (1.11) it was shown that its asymptotic growth rate § is defined as

1
g = lim —loggqy,. (1.16)

n—oo N
This is a Lévy-type result. Although the calculation algorithm is correct, CHAKRA-
BORTY and RAO [3] misspelled the expression of 5. They should write that for
almost all z € [0,0)

-1 %0 log x
= dex. 1.17
p log(1+92)/0 110z (L17)
They also give a Khintchin-type result, i.e., the asymptotic value of the arithmetic
mean of ay,ag,...,a,, where a,’s are given in (1.10). We have
lim R e ) = 0. (1.18)
n—o0 mn

In [20], SEBE and LAscu proved a Gauss—Kuzmin theorem for the transfor-
mation Ty. In order to solve the problem, they applied the theory of random
systems with complete connections (RSCC) by IOSIFESCU [6]. We recall that
a random system with complete connections is a quadruple

{([079]7 B[O,O]) ’ (Nm7P(Nm)) » Uy P} ’ (119)
where u : [0,60] — [0, 6],
1
u(z) = u;(x) == R (1.20)

and P is a transition probability function from ([0, 6], Bj,¢)) to (Ny,, P(Ny,)) given

by
Ox +1

(x+i0)(z+ (i +1)0)
Here P (N,,,) denotes the power set of N,,,. Also, the associated Markov operator
of RSCC (1.19) is denoted by U and has the transition probability function

Q(va) = Z Pl(l')7 T e [0,9], A€ B[O,@]a (122)
€W (x,A)

(1.21)

P(z) = P(x) :=
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where W(z, A) = {i € N, : u;(x) € A}.

Using the asymptotic and ergodic properties of operators associated with
RSCC (1.19), i.e., the ergodicity of RSCC, they obtained a convergence rate
result for the Gauss—Kuzmin-type theorem.

For more details about using RSCC in solving Gauss—Kuzmin-Lévy-type
theorems, see [10], [17], [18], [19], [20].

1.4. Main theorem. We show our main theorem in this subsection. We men-
tion that applying the Sziisz method, we obtain a better rate of convergence than
that obtained in [20].

If & € (0,1) and m € Ny such that §2 = 1/m, the measure 7y in (1.8)
is the unique absolutely continuous invariant measure for the map Ty in (1.7).
In particular, if one iterates any other absolutely continuous invariant measure
repeatedly by Tp, it will converge exponentially to 7g.

Let p be a non-atomic probability measure on Bjg g, and define

Fo(z) = p(Ty <z), x€]0,60], neNy, (1.23)
F(z):= lim F,(z), ze€l, (1.24)
n—oo

with Fy(z) = ([0, z]).
Then the following holds.

Theorem 1.1 (A Gauss—Kuzmin-type theorem). Let Ty and F,, be as in
(1.7) and (1.23), respectively. Then there exists a constant 0 < q < 6 such that

F,, can be written as
_ log(1+ 6x)

" log(1+ 62)

uniformly with respect to x € [0, 6].

Fo () +0(¢") (1.25)

Remark 1.1. From (1.25), we see that
F(x) = 7([0, z]). (1.26)
In fact, the Gauss—Kuzmin theorem estimates the error
eol) i= colw,p) = (T3 <o) —p(0,a)), ze0.6  (1.27)

The rest of the paper is organized as follows. In Section 2, we derive the
associated Perron—Frobenius operator under different probability measures on
([0,6], Bjo,6)). We treat the Perron-Frobenius operator of ([0, 6], By e1,ve,T5),
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and derive its asymptotic behavior. In Section 3, we prove Theorem 1.1 for 6-
expansions. In Section 3.1, we give the necessary results used to prove the Gauss—
Kuzmin theorem. The essential argument of the proof is the Gauss—Kuzmin-type
equation. Using some properties of the Perron—Frobenius operator of Ty under g,
we give some results concerning the behavior of the derivative of {F,} in (1.23),
which will allow us to complete the proof of Theorem 1.1 in Section 3.2.

2. The Perron—Frobenius operator of Ty under ~y

Let ([0, 0], Bjo,6),76, To) be as in Definition 1.1. In this section, we derive its
Perron—Frobenius operator.

Let p be a probability measure on ([0, 0], Byo,g) such that p((Ty)~*(A)) =0,
whenever p(A) = 0 for A € By . Since p is non-atomic and Ty is ergodic, For
example, this condition is satisfied if Ty is p-preserving, that is, u(Tp) ™! = p. Let
LY([0,0],u) :=={f:[0,0] = C: foe |fldp < oo}. The Perron—Frobenius operator U
of ([0,0], Bjo,e), 11, Tp) is defined as the bounded linear operator on the Banach
space L'([0,6], 1) such that the following holds:

/deﬂz/ fdp  forall A€ Bpgg, feL([0,6],p). (2.1)
A (To)=1(A)

For more details, see [1], [7] or Appendix A in [10].

Proposition 2.1. Let ([0, 0], Bjo,6,70, T9) be as in Definition 1.1, and let U
denote its Perron—Frobenius operator.

(i) The following equation holds:

Uf(@) = 3. (@) flui(z)), meN, fe L (0,0,7),  (22)
i>m
where P; and w;, i > m, are as in (1.21) and (1.20), respectively.

(i) Let u be a probability measure on By g). Assume that p is absolutely con-
tinuous with respect to the Lebesgue measure Ay (and denote u < Mg, i.e., if
u(A) = 0 for every set A with A\g(A) =0), and let h = du/dXg a.e. in [0,0].
Then the following holds:

(a) The Perron—Frobenius operator S of Ty under p is given a.e. in [0, 8] by
the equation

1 1
S1w) = 13 2 gy e (ui(a) (23)

i>m
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Ug(z)

m’ S Ll([O,G],u), (24)

Sf(x) =

where g(z) := (1 + 0z) f(x)h(x), € [0,0]. In addition, the n-th power
S™ of S is given as follows:
Urg(x)

S = T ey

(2.5)

for any f € L([0,0], ) and any n € N .
(b) The Perron—Frobenius operator V of Ty under Ay is given a.e. in [0, 6]
by the equation

Vi) = Y e @), € LH(0.010). (26

i>m

The powers of V' are given a.e. in [0, 6] by the equation

V() = [{:_9(;;) £ LY([0,6], M), n € Ny, 2.7)

where g(x) := (1 + 6z) f(x), x € [0,0].
(c) For any n € Ny and A € By g, we have

p (@) W) = [ U @)ne) (2.8)

A
where f(z) := (log(1 + 6%)) 22 h(z), z € [0,6].
PROOF. See Appendix. O

For a function f : [0,0] — C, define the variation varaf of f on a subset A
of [0,0] by
k—1

vary f = supz |f(tiv1) — f(0)], (2.9)
i=1

where the supremum being taken over t; < .-+ < t, t; € A, 1 < i < k, and
k> 2. We write simply varf for varp ¢ f. Let L>°([0,6]) denote the collection of
all bounded measurable functions f : [0,0] — C. It is known that L°°([0,6]) C
L([0,6]). Let L([0,6]) denote the Banach space of all complex-valued Lipschitz
continuous functions on [0, §] with the following norm || - ||

£l := sup [f(z)|+s(f), (2.10)
z€(0,0]
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. @)= £
r)—Jy

s(f) :==sup ———=>=, f € L(]0,6]). (2.11)

T#Yy "T - y|

In the following proposition, we show that the operator U in (2.2) preserves

monotonicity and enjoys a contraction property for Lipschitz continuous func-

tions.
Proposition 2.2. Let U be as in (2.2).
(i) Let f € L*([0,0]). Then the following holds:

(a) If f is non-decreasing (non-increasing), then U f is non-increasing (non-
decreasing).

(b) If f is monotone, then

1
var (Uf) < ky, - varf where Ky, := —— (2.12)
(ii) For any f € L([0,0]), we have

s(Uf) <q-s(f), (2.13)

where

m 1+1—m

= 2.14
¢=m ;<i3(i+1)+i(i+1)3) (2.14)
PROOF. See Appendix. O

3. Proof of Theorem 1.1

In this section, we prove our main theorem applying the method of SzUsz [21].
Let 6 € (0,1) and m € Ny such that 62 = 1/m.

3.1. Necessary lemmas. In this subsection, we show some lemmas. First, we
show that {F,} in (1.23) satisfy a Gauss-Kuzmin-type equation.

Lemma 3.1. For functions {F), } in (1.23), the following Gauss—Kuzmin-type

Fopa(z) =) {Fn (;) ~-F, (wix) } (3.1)

i>m

equation holds:

for x € [0,0] and n € N.
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PRrROOF. Let I, = {z €[0,0] : T}(z) < z} and

1 " 1
In,z—{xejn- M<T9(l’)<w} (32)

From (1.7) and (1.10), we see that

1

Ty (x) =
) e @)

, ne N+. (33)

From the definition of I,,; and (3.3) it follows that for any n € N, I,,1; =
Uism In,i- Then (3.1) holds because Fy11(z) = pu(In41) and

w(Ini) = Fo (19) R, (61”) | (3.4

O

Remark 8.1. Suppose that F exists everywhere in [0, 8] and is bounded (u has
bounded density). Then by induction, we have that F exists and it is bounded
for any n € N_. This allows us to differentiate (3.1) term by term, obtaining

) B 1 (1
Fonil@) =2, (i9+x)2F" <¢9+x>‘ (3.5)

i>m

We introduce functions {f,} as follows:

fa(z) == (1 +0x)F(z), z¢€]0,0], neN. (3.6)
Then (3.5) is
fnJrl Z P fn Ul )) ) (37)

where P;(x) and w;(z) are given in (1.21) and (1.20), respectively. By Proposi-
tion 2.1 (i), we have that f,11(z) = U fn(2).

Lemma 3.2. For {f,} in (3.6), define M,, := m{g){g |f)(z)]. Then
€

Mn+1 < q- Mna (38)

where ¢ is the constant in (2.14).
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PROOF. Since

Pz(a:)*l 1—i0? 11— (i+1)6?
g e+ x+(i+1)0 ]

we have

, 1—(i+1)6? , Pi(z) .
@) = ¥ e e 00 - X i (@), (310

i>m

where u;41(z) < o < wi(z). Now (3.10) implies

(i+1)0% -1 Pi(z)
. . (311
M1 < My - mox z,,:@ (@t 0)(z+ i+ Do) 27% (x +1i6)? (310

We now must calculate the maximum value of the sums in this expression. First,

we note that
i+1)6%2 -1 i+1)02 -1
< 2

3.12
(x +1i0)(z + (i +1)6)3 =m i(i+1)3 7 (3.12)
where we used that 0 < x < . Next, let
Pi(z)
= —_— 1
i) ;m (z +i0)? (3.13)

By Proposition 2.1 (i) and Proposition 2.2 (i)(a), we have that function h is
decreasing for = € [0, 6]. Hence, h(z) < h(0). This leads to

— <. —_—. 3.14
S o0
i>m i>m

The relations (3.11), (3.12) and (3.14) imply (3.8) and that ¢ is as in (2.14). O

3.2. Proof of Theorem 1.1. For {F,} in (1.23), we introduce a function R, (x)

such that
_ log(1 + 6x)

Fo(z)= —- "2

(z) log(1 + 62)
Because F,,(0) = 0 and F,(f) = 1, we have R,(0) = R,,(#) = 0. To prove

Theorem 1.1, we have to show the existence of a constant 0 < g < € such that

+ R, (z). (3.15)

Rn(z) = O(¢"). (3.16)

For {f,} in (3.6), if we can show that f,(z) = m + O(q"), then its
integration will show the equation (1.25).

To demonstrate that f,(z) has this desired form, it suffices to prove the
following lemma.
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Lemma 3.3. For any = € [0,0], there exists a constant q := q(x) with
0 < ¢ < 6 such that
fn(x) = O(q"). (3.17)

PROOF. Let ¢ be as in (2.14). Using Lemma 3.2, to show (3.17), it is enough
to prove that ¢ < 6. Since in the particular cases studied for m := 10 we have
f# = 0.316228 and ¢ = 0.0533201, and for m := 17 we have # = 0.242536 and
q = 0.0305636, we may assume that ¢ < 0 for any m € N. O

Appendix A. Proofs of propositions

We prove Propositions 2.1 and 2.2 in this section.

PROOF OF PROPOSITION 2.1. (i) See Proposition 14 (i) in [20].
(ii)(a) Let Ty ; denote the restriction of Ty to the subinterval I; :=
i >m, m € N, that is,

1 1
9(i+1)° E}’
1
Tg,i(ﬂj) = E —0i, zel. (Al)

Let C(A) := T, '(A) and Ci(A) := (Tp;)" ' (A) for A € Bjgg. Since C(A) =
U; Ci(A), and C; N Cj is a null set when i # j, we have

/ RS / fdw, fELN0.6,7%) A€ Bog.  (A2)

i>m

From (A.2), for any f € L*([0,6],76) and A € By o), we have

/C PRGN
- ;1/0 (A) ;/C (A) e
:Dzm/ e Heryuz /Dsz 9z+xul( = de. (A-3)

Since dp = hdAg, (2.3) follows from (A.3).
Now, since g(x) = (0z + 1) f(x)h(z), from (2.2) we have

Ug(z) = (x+1) Y 5 fui()). (A.4)
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Now, (2.4) follows immediately from (2.3) and (A.4). Using mathematical induc-
tion, (2.5) follows easily.
(ii)(b) The formula (2.6) is a consequence of (2.4) and follows immediately.
(ii)(c) See [20]. O
PROOF OF PROPOSITION 2.2. (i)(a)We will assume that fis non-decreasing.

The proof for non-increasing f will be analogous. Let z < y, x,y € [0,60]. We
have Uf(y) — U f(xz) = S1 + Sa, where

=D Pily) (f(uwily)) = f (i), (A.5)
Sz = Z (Pi(y) = P(x)) f(ui(x). (A.6)

Clearly, S; < 0. Now, since > .o P;(x) = 1 for any = € [0, 0], we can write

i>m
S2 = = 3 (Flum(@) — flua(a))) (Py) — Pile) (A7)
i>m
It can be seen easily that the functions P; are increasing for all ¢ > m. Also, using
that f(um(x)) > f(ui(z)), we have that So < 0. Thus Uf(y) — Uf(z) <0, and
the proof is complete.
(1)(b) We will assume that f is non-decreasing. The proof for non-increasing f
will be analogous. Then by (a) we have

varUf = Uf(0) = Uf(0) = Y (Pi(0)f(ui(0)) — Pi(0) f(ui(0))).  (A.8)

i>m
By calculus, we have

varUf = Z( i >_ z+Tr1L+zl-i-2)f<9(i:‘1))>

¥1) (
:m+1 ; i+ 1) z+2)f<0(ii-1))

= %Hf(g)_z (i+1)1(i+2)f(0):mi1(f(9)_f(0)):mi_1varf'

i>m

(ii) For & # y, x,y € [0, 6], we have

w =2 wﬂui(m))
Y v i>m Y x

i>m



294 Dan Lascu and Florin Nicolae

We remark that
0(i+1—m) O(m—i)

P =i 3e * oige 0 (2™ (4.10)
and then
Z Pi(y; : f(x) f(u(z))
) 8(i+1—m)

N gﬂ; (y+0(i+ 1) (z+6(+ 1)) (f(uip1(2) = fui(2))) . (A.11)

Assume that > y. It then follows from (A.9) and (A.11) that

Uf(y) —Uf(x) 02(i+1—m) Pi(y)
= SS<f)§n(<y+ai><y+o<z’+1>>3*(ww)' 1)

Since the sum of the right side of (A.12) is bounded by g (see (3.11)), and since

U -U
s(Uf) =sup —ﬂy) /() , (A.13)
z#y y—z
the proof is complete. O
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expansions. The study initiated by Chakraborty and Rao on the analogous transforma-
tion of the Gauss map, was completed by Chakraborty and Dasgupta. Actually, in [1]
was identified the absolutely continuous invariant probability measure of this new trans-
formation only in the particular case 6% = 1/m, m € N,.

It is only recently that Sebe and Lascu [13] proved the first Gauss—Kuzmin theorem
for f-expansions, applying the method of random systems with complete connections
(RSCC) by Iosifescu and Grigorescu [6]. Following the treatment in the case of the RCF,
the Gauss—Kuzmin problem for this new transformation can be approached in terms of
the associated Perron—Frobenius operator under the invariant measure induced by the
limit distribution function. Moreover, using a Wirsing type approach Sebe [12] obtained
a near-optimal solution for the Gauss—Kuzmin problem. The strategy was to restrict the
domain of the Perron—Frobenius operator to the Banach space of all functions which
have a continuous derivative on [0, 6].

The aim of this paper is to show a two-dimensional Gauss—Kuzmin theorem for
f-expansions. Note that in the literature there are known similar results for other types
of expansions (see [3-5,10,11]).

The paper is organized as follows. In the next section we gather prerequisites needed
to prove our results in sections 3 and 4. More exactly, in Section 3 we obtain a Gauss—
Kuzmin theorem related to the natural extension [9] of the measure-dynamical system
corresponding to these expansions. In Section 4 we try to get close to the optimal conver-
gence rate. Here, the characteristic properties of the Perron—Frobenius operator on the
Banach space of functions of bounded variations allows us to derive explicit lower and
upper bounds of the error term which provide a more refined estimate of the convergence
rate involved. In the last section we conclude by giving numerical calculations.

2. Prerequisites

For a fixed 6 € (0,1), Chakraborty and Rao [2] showed that any = € (0,60) can be
written in the form

xr =

= [a19,a29,a39,...] (21)
a6 + I
az6 +

a39+"-

which is called the 6-expansion of x. Here a,, € Ny := {1,2,3,...}. Such a,,’s are called
0-expansion digits and they are obtained using the transformation

1 1
S0 5| ifee.],
Ty :[0,6] = [0,6]; To(z) =4 " LJGJ

0 ifx=0.
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0.1 0.2 0.3 0.4

Fig. 1. The transformation Ty for 6 = %.

(See Fig. 1.) Thus, if we define the quantized index map n : [0,0] - N:={0,1,2,...} by

L;J if x#0,

) = 2.3
00 ife=0
then the sequence (an)nen, in (2.1) is obtained as follows:
anle) =0 (T} (@), n>1, (2.4)

with T (z) = .

This new expansion of positive reals, different from the regular continued fraction
expansion, was also studied in [1,8,12,13].

In [2] it was shown that f-expansions are convergent. To this end, define real functions
pn(x) and g, (x), for n € Ny, by

an (2)0pp—1(x) + pr—a(z), (2.5)
q’ﬂ(x) = an(x)Qanl(x) + Qn72(x)7 (26)

=
3
—
8
~—
Il

with p_1(z) := 1, po(z) := 0, ¢_1(z) := 0 and qo(z) := 1. It follows that p,(x)/q.(x) =
[a10,aq0, . .., a,0] which is called the n-th order convergent of x € [0, 0]. One easily shows
that for any = € [0, 0] it follows

1
< , nmeN;. 2.7
@@ + 27

pn(®)
qn ()

T —

Then p,,(z)/qn(z) = x, n — 0.
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In [2], Chakraborty and Rao showed that for 62 = 1/m, m € N4, Ty is ergodic with
respect to the measure 7y defined by

1 Odzx
A) = A 2.
W) = e [ 1ags A€ Boa (28)
A

where Bjg g denotes the o-algebra of all Borel subsets of [0,6]. Let us note that g is
Tp-invariant, that is, v (T, '(A)) = v6(A) for any A € Bjgg). Therefore, (ay)nen, is a
strictly stationary sequence on (I, Bjg 9),79) and a, > m for any m € N.

Put N, := {m,m+1,...}, m € N;. For any n € N, and i™) = (i1,...,i,) € N? we
will say that

I (M) = {2 €[0,0]: an(z) =iy for k=1,...,n} (2.9)

is the n-th order cylinder and make the convention that I (i(o)) = [0, 0]. For example,
for any ¢ € N,,, we have

() = {z €[0,6]: ar(e) = i} = (ﬁ %) . (2.10)

2.1. Natural extension, extended random variables and Perron—Frobenius operators

Let m € Ny and an irrational 6 € (0,1) with 62 = 1/m. In this section, we introduce
the natural extension Ty of Ty in (2.2) and its extended random variables according to
Chap. 1.3 of [7], and we consider the Perron—Frobenius operator of Ty.

2.1.1. Natural extension
Let ([0, 6], Bjo,g, Ty) be as above. Define (u;)ien,, by

1
i :10,0 ,0]; i(x) = ——, ,0]. 2.11
wi i [0.0] = 0.0 wile) = — . @ €[00 (2.11)

For each i € N,,,, u; is a right inverse of Ty, that is,
(Tyou;)(x) =z, forany x € 0,6]. (2.12)

Furthermore, if n(x) = ¢, then (u; o Ty)(z) = x where 7 is as in (2.3).

Definition 2.1. The natural extension ([0, ]2, 8[20,9],70 of ([O, 0], 8[079],T9) is the trans-
formation Ty of the square space ([079]2,8[20790 := ([0, 6], Bjo,07) x ([0,6],B0,9)) defined

as follows [9]:

Ty :[0,0]* = [0,01% To(z,y) = (To(x), uyw)(y)), (z,y) €0,0)>. (2.13)
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From (2.12), we see that Ty is bijective on [0, 0]? with the inverse

(To) " (z,y) = (upey (2), To(y))»  (2,y) € [0,6]. (2.14)
Tterations of (2.13) and (2.14) are given as follows for each n > 2:

(Te)n (3?, y) = (Tén(‘r)a [xn9, xn—197 v a$29a .1319 + y] )5 (215)

(Tﬁ)_n (iE, y) = ( [yngv ynflgv s ay203 y19 + .’E], Ten(y) ) (216)

where z; := n(T; ' (z)) and y; := n(T} *(y)) fori =1,...,n.
For vy in (2.8), define its extended measure 7, on ([O 9} B[o 9]>

. dzdy 9
B) = B . 2.1
Yo(B) Tog(1 + 62) // T+ 292 € By g (2.17)

Then 74(A x [0,0]) =7,([0,0] x A) = v5(A) for any A € By g).
The measure 7, is preserved by Ty [13], i.e., ¥y ((Ty) ~1(B)) = 7,(B) for any B € 6[20)9].

Since Ty is invertible on [0, #]?, the last equation is equivalent to
Yo (To(B)) =74(B), for any B € 8[2079]. (2.18)

2.1.2. Extended random variables
Define the projection E : [0,0)> — [0,6] by E(z,y) := x. With respect to Ty in
{...,—2,-1,0,1,2,...} at

(2.2), define extended incomplete quotients a;(x,y),l € Z :

(z,y) € [0,60)
a)(z,y) == (no E)( (T@)l_l(;my) ), leZ. (2.19)

Remark that @;(x,y) in (2.19) is also well-defined for [ < 0 because Ty is invertible. For
any n € Ni and (z,y) € [0,60]%, by (2.15) and (2.16), we have

En(x, y) = Tn, a()(xa y) = Y1, a—n(x5 y) = Yn+1, (220)

where we use notations in (2.15) and (2.16).

Since 7, is preserved by Ty, the doubly infinite sequence (@;(z,y))iez is strictly sta-
tionary (i.e., its distribution is invariant under a shift of the indices) under 7,. The
stochastic property of (@;);cz follows from the fact that

1
(a0 + )z Tp-as., (2.21)

Yo ([0, 2] x [0,0] |ag,a—1,...) = W

for any = € [0, 6], where a := [agf,a_10,...] with @; := @;(z,y) for | € Z and (z,y) €
[0, 6]>.
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If I, denote the n-th order cylinder I (ag,a—1,...,a—y,) for n € N and (@ =1i) =
1(i) x [0,0], i € Ny, it follows that

Yo (@ = il@o,a-1,...) = lim Fy (@ =i |L,) = lim 54 (1(3) x [0,6]| 1)

n—oo

. 70 (I(Z) X In) — lim 1 .

I,
= lim Pi(yn) = Pi(a) 7g-ass., (2.22)
where y,, € I,, with lim y, = [@agf,a-160,...] = a and
n—o0
x0+1

Pi(x) := - - . 2.23
(@) (x+1i0)(z+ (i +1)0) (2:23)

The strict stationarity of (@;),., under 7, implies that
79(514_1 =1 | ap, aj—1, - . ) = H(a) Yo-a.s. (224)

for any i € N,,, and [ € Z.

The last equation emphasizes that (@;),., is an infinite-order-chain in the theory of
dependence with complete connections (see [6], Section 5.5).

Motivated by (2.21), we shall consider the one-parameter family {vg , : @ € [0, 6]} of
(conditional) probability measures on ([0, 6], By ¢7) defined by their distribution functions

(ab + 1)z

(az+1)0° z € [0,6], acl0,0]. (2.25)

0,0((0, 2]) =

Note that g ¢ is the Lebesgue measure Ag on [0, 9].
Let a,’s be as in (2.4). For each a € [0, 0], define (s q)nen, by

1
S0,q *=@, Spgi=—7————, nENL.
anf 4+ Sp—1,q

Then we have

S1,0 = Snya = [anb, ..., 020,010 +a], n > 2.
Note that

Y6,a (A|a1a ey Cln) = 797871@ (TGn(A)) I

for all a € [0,6], n € Ny and for any A belonging to the o-algebra generated by the
random variables a1, @n12,.... In particular, it follows that for any a € [0, 0]
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(Sn,af + 1)z

RS (2.26)

vo,0 (Tg < z|ai,...,an) =
for any = € [0,0], n € Ny.

2.1.3. Perron—Frobenius operator of Ty

Let ([0,6], Bjo,07,76, T) be as in (2.2) and (2.8) and let L*([0,6],7¢) := {f : [0,0] —
C: foa |fldye < oo}. The Perron—Frobenius operator of ([0, 0], Bjg,¢),7s, Tp) is defined as
the bounded linear operator U on the Banach space L'([0, 6], 7y) such that the following
holds [13]:

Ufe) =Y Pi(e) flui(@), feL(0.6],7) (2.27)

iEN’V?’L

where P; and u; are as in (2.23) and (2.11), respectively.
For a function f : [0,0] — C, define the variation varaf of f on a subset A of [0, 6]
by

k—1
vary f := sup Z [f(tia) — f(E:)], (2.28)
i=1
where the supremum being taken over t; < -+ <tg, t; € A,i=1,...,k and k > 2. We
write simply varf for vary g f. Let BV ([0,0]) := {f : [0,0] — C : var f < oo} and let
L*([0,0]) denote the collection of all bounded measurable functions f : [0,0] — C. It is
known that BV ([0,0]) C L>([0,6]) € L*([0,6],7e). In [8] we showed that

var (U f) <

o 1varf (2.29)

where U is as in (2.27) and f € BV/([0,6)]) is a real-valued function.
If f e L*>(]0,6]) define the linear functional Uy, by

6
Uso : L*([0,0]) = C; Uxf = /f(w)'yg(dac). (2.30)
0
Then we have
U Uf =Uyxf foranyne Ny. (2.31)

Proposition 2.2. For any f € BV ([0,6]) and for all n € Ny we have

varU™ f < —var f, (2.32)

1
(m+1)

—var f. (2.33)

" 1
\u f_Uoof‘Sm
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Proof. Note that for any f € BV([0,6]) and u € [0, 6] we have

0

0
F(w)] - / F@)e(de)] < | F(u) - / F (@) (dx)
0

0

0
- / (f(w) — F(@))yo(dx)| < varf,
0

whence

0

HE / F@e(dx)| +varf, £ e BV(0,6)). (2.34)

0
Finally, (2.31) and (2.34) imply that
[U"f —Usf| <var (U"f —Usxf) = varU" f
for all n € N and f € BV(]0,6]), which leads to (2.33). O

By induction with respect to n € N we get
U'f(x)= Y, Py (@) f(u, @), =e[0,0]
i17"'1i7LEN7YL

where

Wiy iy = Wiy, O O Ujy (2.35)

P, . i () =P, (2)P,(uy (x) ... By, (wi, ;. 4, (2)), n>2. (2.36)

in

Here the functions u; and P; are defined in (2.11) and (2.23), respectively, for all i € N,,,.
Putting

Pulis-sin) _ o 6], meN,,
qn (i1, in)
for arbitrary indeterminates i1, ... ,%,, we get
1+ ab
P; g \Q) = . ; - . -
) = i)+ 10) P (i i)
1
X (2.37)

Gn iz, ... in,m)(a+1i10) + pn(ia, ... i, m)

for all n > 2,4, € N,,,, and a € [0, 0].
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3. Gauss—Kuzmin theorem related to the natural extension

Let ([0, 9]27 8[20 e Yo, Tg) be as in Section 2. In this section a Gauss—Kuzmin theorem

for ([0, 6)?, 8[20_9],79,7(9) is given. First we give a modified version of the Gauss—Kuzmin
theorem for Ty proved in [8]. Then we show some important results used in the proof of
the main theorem.

3.1. Gauss—Kuzmin theorems for Ty and Ty

Theorem 3.1 (A Gauss-Kuzmin theorem for Ty ). Let ([0, 0], Bjo,6), 7o, To) as in (2.2) and
(2.8). There exists a constant 0 < q < 0 such that for any A € By g we have

Mo (75 (A)) = 7(A)] < Cq"rg(A), (3.1)
where C is an universal constant.

Proof. In [13] (Prop. 14(ii)) we show that 1 ((Ty)~"(A)) = [, U™ f(x)dve(x) where p is a
probability measure on ([0, 6], Bjo,g) absolutely continuous with respect to the Lebesgue
measure Ag, and f(z) := (log(1 + 9%)“5#%1(37) with h := du/d)g a.e. in [0,6]. In the
special case u = A\g we obviously have

0 U f(x
Ao (Ty"(4)) = log(1+02)/ 1féx)dm (32)
A

with f(z) := (log(1 + 62))12%, 2 € [0,6]. Thus, from (2.30) we have that Us f = 1.
Therefore,

B 0 Usf
v0(A4) = log (1 + 62) A/ T+ 0207 (33)

Using [13] (Prop. 27) it follows that there exist two positive constants ¢ < § and K such
that

1U"f = Usofllp < Kq" I fll,  f € L([0,0]),n € Ny (3.4)

where L([0, 6]) denote the Banach space of all complex-valued Lipschitz continuous func-
tions on [0, 8] with the following norm:

£l = sup |f@)] + sup LTI,
z€10,0]

i |JJ'—J,‘”|

Therefore
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9 U™ f(x *Uoo
|>‘9 (Te_n(A)) ,VQ(A)| < o (1 +92) / | fi—")_ex f|dx
A

6 1
K n
= ”f”Llog(1+92)/1+0zdx
A
= Kq" [[fllL 70 (A)

and since

0

79(A) < W)\G(A)» A € By,

then the proof is complete. O

In [8] the proof of Gauss-Kuzmin theorem is based on the Gauss-Kuzmin-type equa-
tion which in this case is

Fopi(z) = {Fn (%9) —-F, (z@i—x)} (3.5)

i>m

where the functions (F,)nen are defined for x € [0, 6] by

Fo(z) = Mo([0,2]) = =, Fp(x) = A(Tf* < z), n € Ny. (3.6)

>

The measure vy defined in (2.8) is an eigenfunction of (3.5), namely, if we put F,(z) =
log(1 + 6x), z € [0,0], we obtain F,,,1(x) = log(1 + 6z). The factor 1/log(1 + #?) is a
normalizing constant.

We give now the main theorem of this section. First, define A, , = [0, z] x [0, y] for
any z,y € [0,6], and the functions (F,),en, on [0,6]* by

Fn(xay) = X@ <{(§7C) € [079]2 : (Te)n (€7C) € Az,y}) ’ (37)
where )y is the Lebesgue measure on [0, 6]2.

Theorem 3.2 (A Gauss—Kuzmin theorem for Tg). For every n > 2 and (x,y) € [0,6]?
one has

— _ log(1 + xy)

Fn(xvy) - log(l +92) +O(pn) (38)

with 0 < p < 1.
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3.2. Necessary results

In this subsection, we give necessary results used to prove the Gauss—Kuzmin theorem
for Ty. Like in the one-dimensional case, we need the Gauss-Kuzmin-type equation
associated with the functions (Fn)neN+ defined in (3.7). Thus, for any 0 < y < 6, put

0y :=n(y), where 7 is as in (2.3). Then (T@)nﬂ (xz,y) € Az, is equivalent to
— 1 1 1 1 1
mre{ U ot b emabo{[ ot ] [ e
i1 10 +x’ 10 0160 + 2’ ¢10 Y
From this and (3.7) we get the Gauss—Kuzmin-type equation on [0, 6]

e =5 (7 (3) (5459}

>0

_ 1 1 — 1 1
—RF,—,-—00)-F, ,— =00 5. .
{ (619 y 1) (519—1-96 y ! >} (3.9)

A straightforward calculation shows that the measure 7, defined in (2.17) is an eigen-

function of (3.9), namely, if we put F,(z,y) = log(1 + zy), x,y € [0,6], we obtain

Fn+1(x7y) = IOg(l + (L‘y)

Lemma 3.3. Let n € N, n > 2 and let y € [0,0] N Q with y = [610,...,£40],
l,....0; € Ny, by > m+ 1, where d < |n/2|. Then for every x,x* € [0,0) with
<,

— 1 1+zy
Fn 9 _Fn *7 - 1
(z.9) =) log(1 +62) (1+w*y>’

14+6%)?2 C
<(+)

N n—d
92 1 q)‘9(ACE7y \ Aw*,y)q

where 0 < ¢ < 0 and C as given in Theorem 3.1.

Proof. Let yo =y, y; := [lix10,...,440], i =1,...,d, with y4 = 0. Then y; = % — 410.
Applying (3.9) one gets

Fater) =Fote ) = S APt (q500) ~Fos (7550}

i>0

— 1 — 1
1| — — 1 — . 1
+{Fn 1<£10+x’yl> Fy, 1(610—1-:5*’1/1)} (3.10)

Now for each B € 3[20,9] one has
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(1 _:92) log (11+ GQ)XQ(B) <7p(B) < mxa(f?). (3.11)

Now from (2.10) and (3.11), it follows that:
1 1 1 1 1
S (g are)) = Za (e wrs)
- 1 1
_Z)\G{<i0+x’i9+x*>x[0’9]}
<(1+6%)log(1+6%) > 7 LI x [0, 6]
- OA\i0 + 27 i0 + z* ’

i>0

= (146%)log (1+6%) Y 7y {(z",2) x I(i)}

>0

< (1+6%)log (1+62) m S R {(a7,0) % (1))

>4

=(1+6%)Y X {(fv*»ff) X <ﬁ %>}

i>4q

=0 S (e )

:(1+92)x_9m*%2 <%_ﬁ>

>0

=——X(Asy \ Azey). (3.12)
For every 2 < k < d, a similar analysis leads to

> X {[i0, L1, 010+ ], [0, 610, ... (10 + 7]}

>4,
1 . .
=3 > i, 6k10, ... 010+ x*] = [i0, 510, ..., (10 + 2]
>l
= > N {[i0, lr16, ..., (10 + 2], [i0, & 16, 20 + "] x [0, 6]}
ZZ@)C

< (1+6%)log (1+62) S 7 {[i6, 10, 010 + 2], [i6, 616, ..., 10 + 2] x [0,6]}
1>l



G.I. Sebe, D. Lascu / Journal of Number Theory 195 (2019) 51-71 63

= (1+6%)log (1 +6%) Z Yo {(2",2) x I(l1,... Lp—1)}
>
(1+62)log (1+6?)
log (14 62)

(14 6%)2
02

Z)\g{ IZ? , T XI(fl,.--,gk—l)}S

>l

>\9( z,y \ Az*,y)

(3.13)

Since F,(z,0) = F,(x), from Theorem 3.1 it follows that
a2 7o )
>0
- >0 {Fn_l (ieix*> T in—l (29195)}
50w~ (Fai) o)

1 060+ (1+462%)? »
= 1 )\ = AQE* O n . 3.14
log (1 +62) °8 10 + x* + 62 0 (Day \ ) (q ) ( )

Now from (3.10), (3.14), we have:

— e 1 GO+ (1+6%)° n-1
Fn(xvy) —Fn($ 7y) - 10g(1+92) IOg 6104-33* + 02 )\9( z,y\Am*,y)O(q )

_ 1 _ 1
Fop | ———, —Fp | ———, .
+{ 1 (419+x yl) 1 (619+x* yl)}

Applying (3.10) and Theorem 3.1 again, we have:
— 1 — 1
Foal 77— —Fonal 77—
! (610+x yl) ! (819+x* yl)

— 1 — 1

:Z{Fn—2< 1 ;6>_F’n ( 79>}
i>0 0+ 7 0+ rora 0+ac
+F s ( > < 2)
Z 9+ac* 9 + i19+9c
1 L

G0+ [00+2]  (1+62)?2 .
= - A:E n
og(1+02) Lo+ ihota] 02 Ao (Bay \ Age ) O (¢"77)

— 1 — 1
Y (ST I e —)
<€29 + o €26 + 00+

Applying (3.10) and Theorem 3.1 d-times and tacking into account that y; = 0, we get
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F’ﬂ(xvy) - Fn(‘r*vy)

1
=—— _xI
log (1+62) %8 <€19+x* (610 + 2] + €20 " [0g10, ..., 010 + 2*] + (40

££%gﬁiXNALy\Ayw)«?@”*)+.”+f9@“ﬂﬁ). (3.15)

{160 + x [619 + .’L‘} + 450 ) [dele, e 000,010 + .’L‘] + 040 )

_|_

Here the constant of the big-O symbol is C as given in Theorem 3.1.
If pg and gq are as in (2.5) and (2.6) with a; = ¢, + /0 and a; = 4;, i = 2,...,d,
then 6160 + x = q1/qo, €20 + [€10 + 2] = q2/q1, £ab + [€a—10, ..., 020,010 + 2] = qa/qa—1-
Let p}; and ¢} are as in (2.5) and (2.6), with a; =4 +2*/f and a; = ¢;, i =2,...,d.
Note that pg = p};. Thus we have

010 + x . [6194-.1‘]4-520 ' [Ed_lﬁ,...,€20,€19+x]+€d0 _ 94 _ p_j;q_d
6104*{[* [619+£L’*} +£20 [Zd_lﬂ,...,£20,£10+x*] +£d9 o q; o q; Pd

w60+ [0, 00 Tty 14y (316)
_x*+€19+[€29,...,€d9]_x*—i—i_1+x*y' ’

d —d
n—al =4 _ "

Since ¢" ¢+ ... +q" 1 =¢ —
I—q 1—g¢

, from (3.15) and (3.16) we obtain the

desired result. O
3.3. Proof of Theorem 3.2

Let (x,y) € [0,0]2, n > 2. In view of Lemma 3.3 we assume that y ¢ Q. Put d :=
max {x € N: k is even and £ < |n/2] + 2}. Using (2.5), (2.6) and (2.7) we obtain

1 1
Iy—&f< <5 (3.17)
qd ddqd+1 q,
Furthermore,
Gn > q,, n €N, (3.18)
where @,, satisfies the recurrence relation
qn - meqn—l + qn—Qﬂ ne N—i—a (319)

with g_; = 0 and g, = 1. It is easy to see that

o <L+v1+4m>"“__(1—¢1+4m>”+1 520

In = V1 + 402 20 20

From (3.17), (3.18) and (3.20) and the fact that d is even, we get
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1 1+ 462 1
<

ba
_ b . 3.21
‘y qd (@,)* 62 (1+ 21;402) (3:21)
Since Ay p, /g0 C Agyy and Fy(z,y) = Ao ((T@)_n (Az’y)), from (3.11), (3.21) and the

fact that Ty is Jy-invariant, we find that

Foton) = Fo (2. 24) =30 (70) " (Ao \ () " (D)
< (1+6%)10g (1+60) 7 ((To) " (Bu)\ (To) " Bupusas)

= (1+6%) log (1 +6°)7, ((Te)_" (Auy \ Az,pd/qd))

S (1 + 02) log (1 + 92) mXQ <[O’ .73] X |:z_ja y:|>

1+ 621+ 462 x
02 02 (1+¢HT02)”'
260

1 Dd
— (140 E_‘ _pal
( )57 v "

(3.22)

Since for every fixed = € [0, 6] the function y — log (1 + zy) is a differentiable on [0, 6],
by the Mean Value Theorem we have

1+ 462 x
92 (1+\/1+402 )"
20

1+ x€

log (1 + zy) — log <1+x@>’ = ‘y— bd
dd dd

‘ x

(3.23)

where pg/qq < & < y.
Finally, from Lemma 3.3, (3.22) and (3.23), and since F,,(0,p4/qa) = 0, we have:

§ ’Fn(xay) _Fn (x> ]E> ’

—= Dd —= Dd 1 Dd
+ |7, (x_> T, (o,_) S S (1—}—1:—)‘
’ qa qd log (1 + 62) 8 qd

log (1 4+ zy) — log <1 + x@) ‘

 log(1 + 2y)

F
n(@:9) log (1 + 62)

1
+ log (1 + 62)

qa
L1402 14467 @ (1+6°)° C 2pa ,y
- 92 62 (1+\/1+492)" 02 1-q62qq
26
1 1+ 462 x

+log(1+02) 62 (1+\/1+W)"
26
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1+ 460% (1 + 62 N 1 1
- 0 62 log (1 + 62) (1+\/1+W)"
20
4 (1 + 02)2 C n—d
02 1-—q )
Since d < n/2 4+ 2, we have
— log(1+axy)| _1+446% (1+ 62 1 1
F — <
@Y = e ey S a 2 log(110%) (1+\/—1+492)"
20
1+62)% c(/g)"
() Char
02 (1-q)¢?
where
oo Lt iger (1+62)* ¢
0 62 log (1 + 62) 02 (1-q)qg?
and
20
= max , ——— ] <1
g (ﬁ 1+\/1+402>
and the proof is complete. 0O
4. A two-dimensional Gauss—Kuzmin theorem
In this section we shall estimate the error term
log(1+ zy)
n,a\4; - a Tn 07 s On,a 07 T I /1 . 02\
67(1’y) 797(06[ x}sve[ yD 10g(1+92)

for any a € [0,0], z,y € [0,6] and n € N4.
In the main result of this section, Theorem 4.4, we shall derive lower and upper bounds
(not depending on a € [0, 6]) of the supremum

sup Jena(®my)l, ac0,6] (1.1)
z,y€[0,0]

which provide a more refined estimate of the convergence rate involved. First, we obtain
a lower bound for the following approximation error.

Theorem 4.1. For any a € [0,6] and n € N4 we have

1
épm(n)(e) < sup |’79,a (Sn,a < y) — 76 ([an])|
y€[0,6]
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with Pm(n) (9) =P
:zn:m,m€N+

(0) as in (2.56), where we write m(n) for (i1,...,i,) with iy =

1eeiln

Proof. The continuity of the function y — 7 ([0, y]), y € [0,6] and the equation
}Ll{‘% Y6,a (Sn,a <y- h) = 70,a (sn,a < y)
imply that

sup 70,0 (8n.a <Y) =7 ([0,y))| = sup 76,0 (Sn.a <y) — 70 ([0,9])]
ve[0,0] vel0,6]

for any a € [0,6] and n € N;.. For any s € [0, 6] we then have

10,0(8n,a = 8) = V0,0 ($n.a < 8) =70 ([0,5]) = (V0,0 (sn,a <) =70 ([0, 5]))

< sup V6,0 (Sna < Y) =0 ([0, )|+ sup [v6.a (Sn.a <y) — 70 ([0,9])]
y€[0,0] y€[0,0]

=2 sup |79,a (Sn,a <Y) — 7 ([Oa y])| .
y€[0,0]

Hence

1
sup |79,a (Sn,a < y) -6 ([0, y])| > 5 Sup ve,a (Sn,a = 5) ,
y€[0,0] s€[0,6]

for any a € [0,6] and n € N,. Next, using (2.36) we have

Y6,a (sn,a - [Znev e 7i297i19 + (L]) = -lezn (a)v n 2 27

1
,797(1 (81, 210 + (l) 1(0’)

for any a € [0,0] and 41, ...,1, € N,,. By (2.37) we have

sup 79,a(5n,a =s)= Pm(n)(a‘)v a € [Oa 0]
s€10,0]

By the same equation we have

Povcon (@) 1+ af
m(n)\a@) =
™) n—1(m,...,m)(a+mb) +pp_1(m,...,m)
—— ———
(n—1) times (n—1) times
1
X

gn(m,...,mym)(a+ mb) + py(m,...,m,m)’
N——— N———

n times n times
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It is easy to see that P,,,)(-) is a decreasing function. Therefore

Sup 7¢.a (Sn,a = 5) > Pm(n) (9)7 n e N-l—
s€[0,0]

for any a € [0,6]. O
Theorem 4.2 (The lower bound). For any a € [0,0] and n € N4 we have

1
_Pm(n) (9) < sup
2 2,y€[0,0]

 log(1 +ay)
log (1 + 62)

76,a (Tan S [0756}75”,& € [Ovy])

Proof. For any a € [0,6] and n € N, by Theorem 4.1 we have

log(1 + xy)
sup Y60,a Ty € 0,.’E ySn,a S an -
2,y€(0,6] (T € [0.2] 0,31) log (1 + 62)
log(1 + 6y)
> sSup  |Y6,a Ty € 0u973n,a€ an -
s | (75 € 100150, € 0.3]) - oo G0

1
= sup V9,0 (sn.a € [0,9]) =70 ([0,9])| = 5P (6). O
y€[0,0]

In what follows we use the characteristic properties of the transition operator associ-
ated with the RSCC underlying #-expansions. By restricting this operator to the Banach
space of functions of bounded variation on [0, 8], we derive an explicit upper bound for
the supremum (4.1).

Theorem 4.3 (The upper bound). For any a € [0,0] and n € N we have

log(1 + 2y) 1
(m+1)™

sup  |v6,a (Tyg € [0,2],5n,6 €[0,9]) —
x,ye[O,G] ( 0 [ ] [ ]) 10g(1+92)

IN

Proof. Let Fo o(y) = Y9.0(Sn.a < y) and Gpo(y) = Fno(y) — 7([0,9]), a,y € [0,6],
n € N. As we have noted U is the transition operator of the Markov chain (s, 4)nen On
([0, 6], Bjo,6),76,a) for any a € [0,6]. For any y € [0,6] consider the function f, defined
on [0,0] as

] 1 if0<a<y,
fy(a)'_{O if y<a<é.

Hence
Unfy(a) = E(L (fy(sn,a)‘ S0,a = CL) = 79,a(5n,a < y)

for all a,y € [0,0], n € N. As
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Uncf, = / £ (@)v0(da) = 70((0,4]), v € [0,6].
0

It follows from Proposition 2.2 that

Gna(W)] = 0.0(sn.a <) =700, y])| = [U" fy(a) — Usc f,]

< L ar f, L
_ -
T (m+1)m T (m)n

for all a,y € [0,0], n € N. By (2.20), for all a,z,y € [0,60] and n € N we have

Y0,a (Tg" € [0, 2], Sn,a € [0,9]) = Y0,a (Ty' € [0, ]| Sn,a = 2) an,a(Z)

Il
o\ce o\ T —c

(20 + 1)x
n,a(z)
zx—i—l
y
(20 + 1)x +/ (20 + 1)z )
zx—i—l@w zx +1)0 Gina(2
0
log(1+2ay) (20 + 1)z
= Gna 4
og (1+05) T Gz yg Cmello

x(
/ (zz+1 20 na(2)dz.
0

Hence, by (4.2)

) — log(1 + zy)

aTn 07 ) “n,a 07
Yo.a (T4 € [0,)s5n.0 € 0:9]) = 10—

= (m+1)n \(zy+1)0  (zy+1)0
T 1
m+ 10 = (m+ 1"

1 ((ye +1)z (- J;)J;y)

for all a,z,y € [0,0] and n € N. O
Combining Theorem 4.2 with Theorem 4.3 we obtain Theorem 4.4.
Theorem 4.4. For any a € [0,6] and n € N4 we have

1 log(1 + zy) 1
—P 0) < su o (T3 €10,z], 804 € [0,y]) — < .
0= Sup e (10 10 ona €000 =30 )| = G
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5. Final remarks

To conclude this paper, we note that

1
Pm(n)(e) = La TLEN+,

Tny1Gn+2

where g, is defined in (3.19).
Using (3.20), it should be noted that Theorem 4.4 in connection with the limits

1 1/m 262
lim (2P (0)) = ,
(2 o )> 14207 + 1+ 402

1 1/n 1
m(— ) = ——
lm((m—kl)”) m+1’

leads to an estimate of the order of magnitude of the supremum (4.1). Actually, Theo-

rem 4.4 implies that the convergence rate is O(a™), with

262
<a< ——.
14202 ++/1+462 - — m+1

For example, we have

m =1 0.381966 < a < 0.50000

m =2 0.267949192 < o < 0.33333. ..

m =3 0.208711948 < o < 0.25000. . .

m = 10 0.083920216 < o < 0.090909. ..
m = 100 0.009804864 < o < 0.00990099
m = 1000 0.000998004 < o < 0.000999

m = 10000 | 0.00009998 < o < 0.00009999

Also, Fig. 2 suggests that for very large values of m the lower and upper bounds are
very close.
The red graph and the blue graph represent the lower and upper bound graphs, where

fred : I\T+ — R, fred(m) =

2
m+ 24 /m(m+4)

and, respectively

1

we - Np — R, we = —
ful + Jotue(m) T
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Fig. 2. Graphs of lower and upper bounds. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)
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A Gauss—Kuz’min—Lévy theorem for
Rényi-type continued fractions

by

DAN Lascu (Constanta) and GABRIELA ILEANA SEBE (Bucuresti)

1. Introduction. The present paper continues a series of papers ded-
icated to Rényi-type continued fraction expansions [LS19 [SL19|. Actually,
these continued fractions are a particular case of u-backward continued frac-
tions studied by Grochenig and Haas [GH96]. In 1957, Rényi [R57] showed
that every irrational number = € [0,1) has an infinite continued fraction
expansion of the form

(1.1) r=1-— T =:[n1,n2,n3,...Jp,
S
ng —
nsg — .
where each n; is an integer greater than 1. We call the expansion in a
backward continued fraction. The underlying dynamical system is the Rényi
map R defined from [0,1) to [0,1) by

(1.2) R(z) = — —{ ! J

11—z 11—z
which has a neutral fixed point at 0 and thus is nonuniformly hyperbolic.
Rényi showed that the infinite measure dx/z is invariant for R. This map
does not possess a finite absolutely continuous invariant measure, and the
usual inducing trick to study its thermodynamic formalism does not work.

Unlike ([1.2), the Gauss map defined from (0, 1] to (0, 1] by

1 1
1.3 Gx):=——|—
(13) @)=
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which generates the well-known regular continued fraction expansion, does
have a finite absolutely continuous invariant measure, namely the Gauss
measure dz/(x 4+ 1). The Gauss map is uniformly expanding, but has in-
finitely many branches. The graph of R can be obtained from that of G by
reflecting the latter in the line x = 1/2 (see Figure 1). It is for this reason
that the continued fraction has been called “backward”.

1.0

0.8

0.6

0.4

1.0

Fig. 1. Graphs of Gauss (piecewise decreasing, red in the pdf file) and Rényi (piecewise
increasing, blue) transformations

Starting from the expansion in (1.1) and the Rényi transformation R,

Grochenig and Haas [GHI6] define the family of maps T, (z) := ﬁ -

Lﬁj, where v > 0, z € [0,1). Given u € (0,4) and z € [0,1), = has the
u-backward continued fraction expansion

1
(1.4) r=1-— T =: [a1, a2, as, .. .Ju,

uny — 1
ng — —1
ung —

ng —

where the integers n; = 1 + a; are > 2 and the coefficient of n; is 1 or u,
depending on the parity of 7. In the particular case u = 1/N, for a positive
integer N > 2, they have identified a finite absolutely continuous invariant
measure for T;,, namely dz/(z + N — 1). For u = 1/N, where N > 2 is an
integer, we will call T, the Rényi-type continued fraction transformation and
denote it by Ry.

The metrical theory of this algorithm was initiated in [LS19]. The first
known metrical problem concerning (regular) continued fractions is due to
Gauss. At the start of the 20th century an old discovery of Gauss was shown
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to tie the theory of continued fractions to probability theory and ergodic
theory. In 1802 and 1812 Gauss found the invariant measure of the trans-
formation G in underlying the regular continued fraction, and asked
Lagrange in a letter in 1812 how fast A\(G~"([0, z])) converges to the invari-
ant measure ([0, z]) = log(1l 4+ x)/log 2. Here A is the Lebesgue measure.
In 1928, Kuz’'min [K28| answered Gauss’ question by giving an estimate of
the remainder. Independently in 1929 Paul Lévy [L29] improved Kuz’'min’s
result and published another proof. In the 60’s Sziisz [S61] was able to prove
the same result by using Kuz’min’s approach.

In [LS19] we started an approach to the metrical theory of Rényi-type
continued fraction expansions via dependence with complete connections.
More precisely, we obtained a version of the Gauss—Kuz'min theorem for
these expansions by applying the theory of random systems with complete
connections, due to losifescu [IG09|. Once a finite ergodic measure py is
obtained for the map Ry (recall that Ry is ergodic and measure preserving
under py ), classical results of ergodic theory, such as the Birkhoff ergodic the-
orem, yield precise information on the frequency with which a digit occurs.
It should be stressed that the ergodic theorem does not yield any informa-
tion on the convergence rate in the Gauss—Kuz’min problem that amounts
to determining the asymptotic behavior of u(Ry") as n — oo, where 1 is an
arbitrary probability measure. So that a Gauss—Kuz'min theorem is needed.
Using the natural extensions for Rényi-type transformations, we obtained
an infinite-order-chain representation (@;)sez of the sequence (ay)nen, of
incomplete quotients of these expansions. Then we showed that the associ-
ated random systems with complete connections are with contraction and
their transition operators are regular with respect to the Banach space of
Lipschitz functions. This allowed us to solve a variant of the Gauss—Kuz’'min
problem. In this result the constants involved are far from optimal. So the
hunt for the best possible constants started.

In [SL19] we used a Wirsing-type approach [W74] to get close to the op-
timal convergence rate. Let us notice that Wirsing’s Gauss—Kuz min—Lévy
theorem leads to a good estimation of the convergence rate to 0 as n — oo
of the 1-mixing coefficients of the incomplete quotients (a,)nen, under py
or of the extended versions (ay)scz under the extended measure py (see
[LS19]). Paralleling the treatment in the case of regular continued fractions,
the Gauss—Kuz'min-Lévy problem for the transformation Ry can be ap-
proached in terms of the Perron—Frobenius operator under the invariant
measure induced by the limit distribution function. By restricting the do-
main of the associated Perron-Frobenius operator of Ry under its invari-
ant measure py to the Banach space of functions which have a continuous
derivative on [0, 1], we obtained upper and lower bounds of the error which
provide a refined estimate of the convergence rate. For example, in case
N = 100, the upper and lower bounds of the convergence rate are respec-
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tively O(wiyo) and O(vly,) as n — oo, with vig9 > 0.00503350150708559
and wigo < 0.00503358526129032.

The purpose of this paper is to continue our investigation on the asymp-
totic behavior of the distribution functions of Rényi-type transformations.
In order to prove a Gauss—Kuz'min-Lévy-type theorem for Rényi-type con-
tinued fraction expansions, we apply the method of Sziisz [S61]. We mention
that using this method, we obtain more information on the convergence rate
involved. The main novelty of this paper is the explicit expression in terms
of Hurwitz zeta functions of 1y that appears in Theorem In addition,
the estimate we have for ny shows that ny — 0 as N — oo. Finally, to
enable direct comparisons of the results obtained in the last two methods
(Wirsing and Sziisz), we give upper and lower bounds of ny for N = 100:
0.00505050495049505 < n100 < 0.0050753806723955975.

2. Rényi-type continued fractions. In this section we briefly present
known results about Rényi-type continued fractions.

Fix an integer N > 2. The Rényi-type continued fraction transformation
Ry :]0,1] — [0, 1] is given by
N N
:1_:6—{ J, x#1; Ry(1)=0.
For any irrational = € [0, 1], Ry generates a new continued fraction expan-
sion of x of the form

(2.1) Ry (z)

1—=x

N
(2.2) r=1- =:la1,az,as,...|R.

N
14+a; — N

14+ a2 —
1+ as — .
Here, a,’s are nonnegative integers greater than or equal to N defined by

(2.3) a1 :=ai(z) = L]ij, x#1;  a1(l) = oo,
and
(2.4) an = an(z) = a1 (R 1(2)), n>2,

with R (z) = z.

The rational approximants to x arise in a manner similar to that in
the case of other continued fraction algorithms. In particular we define two
integer sequences by po=1,qo=1,p1=14a1 — N, ¢1 =1+ a1,

Pn=(1+an)pn—1—Npp—2 and ¢, = (1+an)gn—1— Ngn—2
for n > 2. A simple inductive argument gives

Pn—1qn — PnGn—1 = N", mne Ny :={1,2,...}.
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The rationals py/qn, n € N4, are the convergents to x in [0, 1]. In [GHI6]
it was shown that the dynamical system ([0, 1], Bjg 1}, BN, pn) is measure
preserving and ergodic. Here, Bj ;] denotes the o-algebra of all Borel subsets
of [0,1], and the probability measure py is defined by

1 dzx
(2.5) )= Ly

A € B[O,l] .

In |[LS19] we investigated the Perron-Frobenius operator of Ry on the
measurable space ([0, 1], Bg 1), 1) such that the probability measure p sat-

isfies 1(Ry'(A)) = 0 whenever u(A) = 0 for A € Bjo,1)- In particular, we

studied the Perron-Frobenius operator U of ([0, 1], Bjg 1}, pn, Rn), that is,

U is a unique operator on L'([0,1], pn) := {f : [0,1] — C : S(l) |f|dpn < oo}

which satisfies

(26) \Ufdon= | fdon forany A€ By, f€L'([0,1],pw).
A Ry (A)

Also, we have found an explicit formula for the Perron—Frobenius operator

under the invariant measure py, namely

(2.7) Uf(z) =Y Pni(@)f(uni(z)), feL'([0,1],pn),
i>N

where Py ; and uy; are functions defined on [0, 1] by

r+ N -1
(2:8) Pri(w) := (x+i)(x+i—1)
(29) UNJ‘(J}) =1 x]_\(_ Z

A more thorough account of Rényi-type continued fractions can be found
in [GH96 [LS19, [SL.19].

3. Main result. In this section we show our main theorem. Let p be a
nonatomic probability measure on Bjg 1) and define

(3.1) Fno(x) == p([0,2]), x € [0,1],
(3.2) Fnp(z) :=p(Ry <z), z€[0,1], neNy.

MAIN THEOREM 3.1 (A Gauss—Kuz'min-Lévy-type theorem). Let Ry
and Fy p be as in (2.1) and (3.2). Then there exists a constant 0 < ny <1

such that F,, can be written as

(3.3) Frnn(z) =

e () 10g< N_Il>+0(n%)

1
uniformly with respect to x € [0, 1].
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REMARK 3.2. From (83.3]), we see that
(3.9 Tim Ey (@) = py((0.]).

where py is the measure defined in ([2.5)). In fact, Theorem [3.1| estimates the

error
(3.5) eN,n(x) = eN,n(xnu) = u(Ry <) —pn([0,2]), x€][0,1].
To prove Theorem [3.1] we need the following results.

LEMMA 3.3. For functions Fy p, in (3.2)), the following Gauss—Kuz’'min-
type equation holds:

(36)  Fnpii(z) = Z{FM <1 - wji 2) — Fxn <1 - ZD }

i>N

for x € [0,1] and n € N.

Proof. From (12.1) and (2.4, we see that
N

Rn+1 ?

(3.7) Ry(a)=1— —~
On41 + Loy

HENJ,_.

Now,

N N
Fple) = <0 = S u(1- T < mypt 1= 20
i>N

{2 )

REMARK 3.4. Assume that for some p € N, the derivative Fy N,p exists
everywhere in [0, 1] and is bounded. Then it is easy to see by induction that

F\ 1y exists and is bounded for all n € Ni. This allows us to differentiate
(3.6) term by term, obtaining

N N

/ . /
(3.8) Fypy1(z) = Z mFNm <1 i z>
€N
We introduce functions fx, as follows:
(3.9) fnn(@):=(x+N-1)Fy,(z), =el0,1,neN.
Then (3.8)) is
(3.10) Frmi1(@) =Y Pri() fvn(uni(x)),
i>N

where Py ;(z) and un ;(z) are given in (2.8]) and ([2.9), respectively.
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LEMMA 3.5. For {fnn} in , define My, = max,c[, |an( x)|.
Then

(3.11) MNny1 <N - Myp

where . ~

(3'12) nN:Z<.3+.2.>.
Sy\ i (i+1)

Proof. Since
i+1—N i1— N

brile) = — =~ o
we have
(313)  fappr(@) =D {Pn (@) fvn(uni(z))

i>N

+ Pni(@) iy (uni(@))uly ()}
Ci41-N
(T et

i>N
N
+ Pni(%) fy p(uni(2)) (x +1)? }

i+1—N
— ——————[fNn(uniti(z) = fnn(uni(z))]
;v{ CETEEE

+ Pni(2) fy p(uni(2)) N. }

(x+1)?
i+1-N )
:Z]:V{(a:+i)3(x+i+1)fN’"(0i) o
+ Fnlus0) T

where uy i11(2) < 6; < uni(x). Now (3.13)) implies

i1+1-N
3.14 Myn+1 < Myy - - ;
(3:14) Nond = 2, xlél[%ﬁ} <;\/ (x+i)3(x+i+1)

+N -1
FNY _1>.
55 (x+i)3(x+i—1)

We must now calculate the maximum value of the sums in this expression.
Since x € [0,1] and ¢ > N, we get
t+1-—-N i+1-—-N
(x+i)3(x+i+1) = B3@E+1)

and
z+N-—1 < 1 <l
(@+ie+i—1) = (z+19)?> = &
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Thus,
1 N
(3'15) MN,n+1 < MN,n . Z (3 + 2>
Sy\ i (i+1)
and the proof is complete. m

Proof of Theorem Let {Fnn,} and {fn,} be as in (3.2) and (3.9),

respectively. Then

1
T +N-1
If we can show the existence of a constant 0 < ny < 1 such that

(3.17) fNn(z) = + 00y,

(316)  Fl(o) fyn(@), ze[01],neN.

log (57)
then integrating (3.16)) we will establish (3.3]). To demonstrate that fy ,(x)
has the desired form, it suffices to establish that f} () = O(n}), as the

1/ log(%) constant in 1} will follow from the normalization requirement
that Fin,(0) =0 and Fv,(1) = 1.
It remains to prove the following lemma.

LEMMA 3.6. For every integer N > 2 there exists a constant 0 < ny < 1
such that

(3.18) fnn(@)=0(y), z€0,1],neN.
Moreover, for any integer N > 2,

1 1 1 1 1 1
3.19 — et =< <t = — .
B wrovmwrn Ty WS- TV vt

Proof. Let ny be as in Lemma Using that lemma, to show (3.18)) it
is enough to prove that ny < 1. First, we will write ny in terms of Hurwitz
zeta functions:

1 N 1 N
" Z<i3+i2(i+1)) Z(iﬁﬂ) ((3,N) + N¢(2, N)
’LZN ’LZN

ForiZNanda;:%( 4N2+1_(2N+1))>—%,Wehave

a*+ (2N +1)a+N=0
and

a®+ (2N + Da+ N + (2a+1)(i — N) > 0,

ie.,

2 < (i+a)(i+1+a).



A Gauss—Kuz’min—Lévy theorem

Hence,

1 1 1 2
2, N) > SR - - :
o )_§V<z+a z—l—l—i—a) N+a 4AN?2+1-1

Also we have
1 1 1 2
(2N) <+ D>, — . =+t
N ot (1—1/2)(i+1/2) N2 2N +1
For i > N and b:= N(vVN2+1— N) < 3, we have

b2 +2N?%b— N2 =0

and
b +2N% — N2 4+ (20— 1)(i> — N?) <0,
i.e.,
it > (2 — i+ b) (i +i+b).
Hence
1 1 1 1
3,N) < = - =
G, )<2;V<(i—1)i+b i(z‘+1)+b> 2N — N +b)

1
TONWNZAI 1)

Also, we have

11 1 1
N)> — + =
< )>Nd+21>%:+1(i2_i+1/2+i2+i+1/2>

1 1
_ﬁ+2(N2+N+1/2)‘

Therefore,

1 1 2
77N<21\7(\/z\f2+1—1)JFN(J\f?JerH)_1
1 1 1
SONN—1) N aNf1
and
1 1 ON
Mty Ty ol
1 1 2N +1
D ER ey R
1 1 11 1 1

“wm T aNverNt) tan TN Tanv ) T

nN >

N(N +1) 2N’
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For example, we have

N Lower bound of nn Upper bound of nn
2 0.4583333333333333 0.55
10 0.055545454545454544 0.05793650793650794
100 0.00505050495049505 0.0050753806723955975

500 0.001002004007984032 0.001003003009015033

1000 0.0005005005004995005 0.0005007503755629693
5000 0.00010002000400079984  0.00010003000300090015
10000  0.00005000500050004999  0.000050007500375056254
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Abstract. We introduce and study in detail a special class of backward con-
tinued fractions that represents a generalization of Rényi continued fractions. We
investigate the main metrical properties of the digits occurring in these expansions
and we construct the natural extension for the transformation that generates the
Rényi-type expansion. We also define the random system with complete connec-
tions associated with the underlying dynamical system whose ergodic behaviour
allows us to prove a variant of Gauss—Kuzmin-type theorem.

1. Introduction

In [6], Grochenig and Haas investigated u-backward continued fractions
associated with the one parameter family of interval maps of the form

Tul@) := u(ll—a:) B Lu(ll— x)J’

where u > 0, x € [0,1) and |-| denotes the floor function. As the parameter
varies the maps T, exhibit a curious dynamical behaviour. It was known that
varying w in the interval (0,4) gives a viable theory of u-backward continued

* Corresponding author.

Key words and phrases: Rényi continued fraction, Perron-Frobenius operator, random sys-
tem with complete connections, Gauss—Kuzmin problem.
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fractions, which fails when u > 4. So, for a given u € (0,4), each irrational
x € [0,1) can be uniquely represented as an infinite continued fraction

1
(1.1) r=1- = a1, a2,as, .. Ju,

uny —

ng — 1
ung — . —

SEng — -

where the integers n; = 1 + a; > 2 and the “coefficient” s; of n; alternates
between s; = 1 for even j and s; = u for odd j. The case u = 1 was studied
by Rényi [17] and provides an alternate approach to continued fractions and
rational approximation. The graph of T} can be obtained from the graph of

the regular (Gauss) continued fraction transformation G(z) :=1 — 1] by

xT
reflecting about the line z = %

Fig. 1: Graphs of Gauss and Rényi transformations

From the dynamical systems point of view interest in the Rényi map
steams from two facts. First, it has a parabolic fixed point, 77(0) = 0 and
T7(0) = 1 and therefore it exhibits non-uniformly hyperbolic behaviour. Sec-
ondly, it is semi-conjugate to the full-shift on a countable alphabet, and in
particular it has infinite entropy. Therefore, the Rényi map exhibits two
sources of complications that are of independent interest and provides an
example where we have the opportunity to study how they interact. These
features have attracted attention and interesting results have been obtained
describing the ergodic theory of this map. In particular Adler and Flatto [1]
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showed that there exists an infinite invariant measure absolutely continuous
with respect to the Lebesgue measure. There is no finite one.

The main purpose of Grochenig and Haas was to find an explicit form
for the absolutely continuous invariant measure for 7; similar to that of
the Gauss measure xd—ﬁ for G and Rényi’s measure d?z for T7. While the
Gauss measure is finite, the Rényi’s measure is infinite. They showed that
the invariant measure for T), is finite if and only if 0 < u < 4 and u = uy #

4 cos? %, q = 3,4,.... They also identified the invariant probability measure

for T,, corresponding to the values u = 1/N for positive integers N > 2. This
is a finite measure. In this particular case we will call the continued fraction
in (1.1) a Rényi-type continued fraction. We will indicate Tﬁ by Ry and we

will call it a Rényi-type (continued fraction) transformation.

We recall that the use of the ergodicity of G under the Gauss measure in
proving ergodic properties of the regular continued fraction expansion was
initiated by Doeblin [5]. See also [18] for other important early work.

Several related families of transformations have been investigated with
regard to their dynamical properties as well as to the associated continued
fraction theories [4,7,8,15]. This has lead to a wide range of connections
between continued fractions, diophantine approximation, ergodic theory and
hyperbolic geometry [1,13,22].

Our goal in this paper is to start an approach to the metrical theory
of Rényi-type continued fraction expansions via dependence with complete
connections. Using the natural extensions for the Rényi-type transforma-
tions, we give an infinite-order-chain representation of the sequence of the
incomplete quotients of these expansions. We then show that the associated
random systems with complete connections are with contraction and their
transfer operators are regular with respect to the Banach space of Lipschitz
functions. Further this leads, in Section 6, to a solution of the Gauss—
Kuzmin problem for these continued fractions which allows us to obtain a
convergence rate result.

2. Rényi-type continued fraction expansions as dynamical system

For a fixed integer N > 2, we define the Rényi-type continued fraction
transformation Ry: [0,1] — [0,1] by

(2.1) Ry (z) := {% - £, = E 0,1)

To this transformation, we associate the digits a,(z), n € Ny :={1,2,3,...},
which are defined by
(2.2) an = ap(z) = a1 (R (2)), n>2,
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with R} (x) = z and

N .
(2.3) a1 == a1 (z) = {I—l—z if x #1,

00 ifx =1.

Putting A := {N,N +1,...}, observe that a, € A for any n € N;. Using
these digits we can write

N
(2.4) Ry(z) == T~ ai(x).
Then

N
(2.5) r=1-— 1 ~ :=lay,a9,as3,...]R.
+CL1 — N
l+ag—
1—|—a3—

The Rényi-type continued fraction in (2.5) can be viewed as a measure pre-
serving dynamical system ([0, 1], Bjo115 B, pn ), where Bjp,1) denotes the o-
algebra of all Borel subsets of [0, 1], and

1 dx
2.6 A) = , AeB
( ) pN( ) log(N]\il) [4 4+ N—1 [0,1]

is the invariant probability measure under Ry [6].

Pn .__ Pn(x)
Let T e

transformation Ry n-times, so

denote the partial fractions obtained by applying the

Po _ N
N N
n 14+a; —

(2.7)

N

1+a2—"-—1+a
n

For the functions p,, and ¢, we obtain the following recurrence relations:

(2'8) po=1, pr=1+a1—-N, p,= (1 + an)pn—l — Npp_2, n > 2,
(29) qo = 17 q1 = 1+ ai, (Qn = (1 + an)Qn—l - NQn—27 n>2.

Using these recurrences, induction easily gives that
(210) Pn—1qn — PnGn-1 = N", n € N4
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and

Pn + (RnN - 1)pn—l
2.11 T = , neN,.
( ) + (R?\f - 1)(]n—1 *

We obtain

N
< 5 n€N+

(2‘12) Qn(Qn - Qn—l)

‘ Pn
r— 2
an

3. The probabilistic structure of (a,)necn, under the Lebesgue
measure

We start by defining the n-th order cylinder associated to the digits
(an)nen, of the Rényi-type continued fraction (2.4). An n-block (a1, as,...,
ayp) is said to be admissible for the expansion in (2.4) if there exists z € [0, 1)

such that a;(z) = a; for all 1 <i <n. If (a1,as,...,a,) is an admissible se-
quence, we call the set
(3.1)

I(ay,a9,...,a,) = {33 €[0,1] : a1(z) = a1, a2(x) = aqg,...,an(x) = an},

the n-th order cylinder. As we mentioned above, (a1,as,...,a,) € A". For
example, for any a; =i € A we have

N N

3.2 I(a [0, 1] - [ S )
(3.2) {33 €l P al} i it
By induction, it can be shown that

Pn —Pn—1 DPn
3.3 I(ay,as,...,ay :[7,—),
( ) ( ! ) dn —4n—-1 d4n
for all n > 1. Hence, using (2.10) we have

NTL

3.4 A(I(ay,a9,...,0,)) = ———,
( ) ( ( ' )) Qn(Qn - Qn—l)

where A is the Lebesgue measure and (g,) is as in (2.9).
To derive the so-called Brodén-Borel-Lévy formula [9,10], let us define
(Sn)nGN by

dn—1
qn

(3.5) sp:=1, s,:=1—N
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From (2.9), s, =1 — N/(ay, + sp—1). Hence,

N
(36) s,=1-— = [an,ap-1,-..,01]R-

N
1+a, —

N

1+an—1_"'_1+a
1

PropoSITION 3.1 (Brodén—Borel-Lévy-type formula). Let X denote
Lebesgue measure on [0,1]. For any n € Ny, the conditional probability
AMRY <z|ai,...,a,) is given by

Nz
N—-—(1-2)(1-s,)’

(3.7) MRY <z|ai,...,a,) = x € [0,1]

where (sy,) is as in (3.5) and ai,...,an are as in (2.2) and (2.3).

PROOF. By definition, we have

AM(RR <z)ni(al,...,an))
AI(ay,...,ap))

for any n € Ny and z € [0,1]. From (2.11) and (3.3) we have

MRy <z|ai,...,ap) =

Pnt (= 1pn—1  Ppn—Pn-1

G+ (@ —=1)gn1  Gn—Gn
N"x

(Qn - Qn—l)(QH + (x - 1)Qn—l) .

A(RY < 2)NI(a, ... an)) =

From this and (3.4), we have that

AM(RY <z)nI(ai,...,ay))
AMI(ag, ..., ay))
zqn Nz

- G+ (@—1g,1 N—(1—2)(1—sy,)

MRy <z|ai,...,a,) =

for any n € Ny and z € [0,1]. O

The Brodén—Borel-Lévy-type formula allows us to determine the prob-
abilistic structure of the digits (a,)nen, under A.

PROPOSITION 3.2. For any i > N and n € N_, we have

(38) )\(al = Z) = )\(an—i—l - Z.|a/17 v 7an) = PNJ'(SH)
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where (s,) is as in (3.5), and

z+ N -1

(39) Pvil®) = vz

PRrROOF. From (3.2), the case A(a; = i) holds. For n € N1 and = € [0, 1],
we have R} (2) = [an+1, Gnt2, - - -]R, Where (ay) is as in (2.2). By using (3.7),
we have

)\(anﬂzi\al,...,an):)\( N € [1—?,1— _N )‘al,...,an>

1+1
N(1 - A% Na1-Z
= (N ZH) — (N D) = Pni(sn). O
It is easy to check that
(3.10) Z Pyi(x) =1 for any x € [0,1].
i=N

REMARK 3.3. Proposition 3.2 is the starting point of an approach to the
metrical theory of Rényi-type continued fraction expansions via dependence
with complete connections (see [9, Section 5.2]). We apply this method in
Section 6 to obtain a solution of Gauss—Kuzmin-type problem for Rényi-type
continued fraction expansions.

COROLLARY 3.4. The sequence (sn)neN+ with so = 1 is a homogeneous
[0, 1]-valued Markov chain on ([0, 1],8[071},)\) with the following transition
mechanism: from state s € [0,1] the only possible one-step transitions are
those of states 1 — N/(s+1), i > N, with corresponding probabilities Py ;(s),
i>N.

4. Natural extension and extended random variables

~ Fix an integer N > 2. In this section, we introduce the natural extension
Ry of Ry in (2.1) and its extended random variables [10].

4.1. Natural extension. Let ([O, 1],8[0,1],RN) be as in Section 2.
Deﬁne (UN,Z')ZZN by

N
4.1 i+ 0,1] — [0,1]; i(z):=1— -, € [0,1].
@) e 01 50,1 i) =1 ==, e o,
For each @« > N, un; is a right inverse of Ry, that is,
(4.2) (Ryoun;)(z) =, foranyx € [0,1].
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Furthermore, if a;(z) = ¢, then (un; o Ry) (z) = « where a; is as in (2.3).

DEFINITION 4.1. The natural extension ([0,1]?, By 1j2, Ry) of ([0,1],
Bjo1), Ry) is the transformation Ry of the square space ([0,1]? B[o ) =
([0,1], Bg,11) x ([0,1], Byg,47) defined as follows [16]:

Ry :[0,1]* = [0,1]%;
(4'3) EN(‘% y) = (RN(‘T)a UN,a, () (y))a (a;, y) € [07 1]2'
From (4.2), we see that Ry is bijective on [0,1]? with the inverse

(4.4) (Rn) ™ (@,y) = (una, ) (2), Bu(y)),  (2,y) € 0,1

Iterations of (4.1) and (4.4) are given as follows for each n > 2:

(RN)"(z,y) = (R%(w), [an(x),an_1(x),...,a2(x),a1(x) +y — 1]3),

(RN)_n(m>y) = ([an(y)>an—1(y)v ce 7a2(y)7a1(y) +x— 1]R7RnN(y))'

For py in (2.6), we define its extended measure py on ([0, 1]2,8[20 1}) as

_ N dzdy 9
4.5 B) := , BebBgq.
49) Al o= gy L mmasaiar o

Then py(A x [0,1]) = 5x([0,1] x A) = pn(A) for any A € Byp,1). The mea-
sure py is preserved by Ry, i.e., py ((Ry)~1(B)) = py(B) for any B € B[o 1

4.2. Extended random variables. Define the projection E: [0, 1]?
— [0,1] by E(z,y) := x. With respect to Ry in (4.1), define eztended in-

complete quotients a;(x,y),l € Z:={...,—2,-1,0,1,2,...} at (z,y) € [0,1]?
by
(46) El(x,y) = (al o E)((EN)l_l(may))a I €Z.

REMARK 4.2. (i) Note that a;(z,y) in (4.6) is also well-defined for I < 0
because Ry is invertible. By (4.1) and (4.4) we have

(4'7) En(x,y) = an(az), Eo(a:,y) = al(?J)? a—n(xmy) = an-i—l(y)a

for any n € N, and (x,y) € [0,1]%.

(ii) Since the measure py is preserved by Ry, the doubly infinite se-
quence (a;(x,y))ez is strictly stationary (i.e., its distribution is invariant
under a shift of the indices) under py.
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THEOREM 4.3. Fiz (z,y) € [0,1]? and let a; := ay(z,y) for | € Z. Set
a := [ag,a—1,...]Jgr- Then the following holds for any x € [0, 1]:

B Nz _
) = N-—(1-z)(1—a) PIN&*

(4.8)  pn([0,2] x [0,1] | @g, a1, ...

PROOF. Recall the cylinder in (3.1). Let I,, denote the cylinder I(ag,a_1,
a_p) for n € N. We have

oy ([0,2]x[0,1] | @p,@-1,...) —nh_1>n Pn([0,2]x[0,1] | @o, ..., a—n) Py-as.
and
on([0,2] % [0,1] | o, ..., d_n) = %
Ndu
~ log( NL / dy/o (N-(1-u)( -y}

1 Nz
ox (L) /f N-(Q o Tk s g el

for some v, € I,,. Since

(4.9) lim y, = [@g,a-1,...]r = a,
n—oo

the proof is completed. [J
The stochastic property of (a;);ez under py is as follows.

COROLLARY 4.4. For any i > N, we have

(4.10) pn(@ =1i|ay,a1,...) = Pn,(a) Py-as.
where a = [ag,a_1,...Jr and Py, is as in (3.9).

PROOF. Let I, be as in the proof of Theorem 4.3. We have

(4.11) pn(a =ilag,a,...) :Ji_x)gop]\,(alzuln).
Also
N N
(4.12) (@1 = 1) [1 —.1 Z,H)x[o,l], i>N
Now
pN([l_T’l_i+1>x[0’” )_ N([O,l]xfn)
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= PNEIn) /1 ) Py.i(y) py(dy) = Pn.i(yn),

for some y,, € I,,. Given (4.9), the proof is completed. [

REMARK 4.5. The strict stationarity of (a;);cz, under py implies that
(4.13) oy (@ =i a,a@-1,...) = Pni(a) py-as.

for any i > N and [ € Z, where a = [a;,a;—1, . ..]r. The equation (4.13) em-
phasizes that (@;);cz is a chain of infinite order in the theory of dependence
with complete connections [9].

Define extended random variables (5;);ez by 5 := [a;, a1—1, .. .]r, | € Z.
Clearly, 5, = 5 o (Rn)!, | € Z. Tt follows from Corollary 4.4 that (5;);cz is
a strictly stationary [0, 1)-valued Markov process on ([0, 1]2, Bﬁmﬁ N) with
the following transition mechanism. From state 5 € [0, 1] the possible transi-
tions are to any state 1 — N/(s+ ) with corresponding transition probability
Pni(s), 7> N. Clearly, for any [ € Z we have

(4'14) ﬁN(El < ‘T) = ﬁN([()? 1] X [073:)) - pN([O,x)), S [07 1]’

Motivated by Theorem 4.3, we shall consider the one-parameter family
{pn:t €0,1]} of (conditional) probability measures on ([0,1], B 1)) de-
fined by their distribution functions

Nx
4.15 0 = t 0,1].
@15) w0l = Dy w0
Note that py 1 = A.
For any t € [0, 1] put
N
4.16 =1, Sppi=l— N,.
( ) S0t ;  Snit 4+ Sm11 ne Ny

REMARK 4.6. It follows from the properties just described for the pro-
cess (51)icz that the sequence (Sy¢)nen, is an [0, 1]-valued Markov chain on
([0,1], Bjo11, pn,¢) which starts at sg; :=t and has the following transition
mechanism: from state s € [0,1] the possible transitions are to any state
1 — N/(s+ i) with corresponding transition probability P;(s), i > N.

5. Perron—Frobenius operators

Let ([0, 1], By,1), Bn, pn) be as in Section 2. In this section, we derive its
Perron—Frobenius operator.
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Let p be a probability measure on ([0, 1], Bjg 1]) such that (R (A) =0
whenever i(A) = 0 for A € Bjg ). For example, this Condition is satisfied if
Ry is p-preserving, that is, /LRNI =p. Let LY([0,1],p) := {f [0,1] = C:

fo |fldu < oo}. The Perron—Frobenius operator of ([0, 1],8[071},]%]\/, () can
be defined by the Radon—Nikodym theorem as the unique linear and positive
operator on the Banach space L'([0, 1], 1) satisfying:

(5.1) /Adeu:/Rl fdp forall A€ By, feL'([0,1],p).

~ (

For more details, see [3,10].

PROPOSITION 5.1. Let ([0,1], Bjo,1), RN, pn) be as in Section 2, and let U
denote its Perron—Frobenius operator. Then the following holds.
(i) We have

(5.2) Uf(x) = Pni(@) f (uni(z)), f€L0,1]pn),

i>N

where Pn; and un,; are as in (3.9) and (4.1), respectively.

(ii) Let pu be a probability measure on ([0,1], B 1)) such that p is abso-
lutely continuous with respect to the Lebesque measure X and let h := dp/dA
a.e. in [0,1]. Then for any n € Ny and A € By}, we have

(5.3) n (R () = [ 07 1(@) dpa(a)

where f(z):= (log(25))(x + N — 1)h(z) for z € [0,1].
)

Proor. (i
I(i)=(1-%1-

Let Ry, denote the restriction of Ry to the subinterval

+1] i > N, that is,

(5.4) Ryi(x) = [ i, x€l(7).

Let C(A):= (Rn) '(A) and Ci(A):= (Ry;) '(A) for A€ Bpyj. Since
C(A) =, Ci(A) and C; N Cj is a null set when ¢ # j, we have

(5.5) / fde—Z/ fdon. fELN(0.1],px). A€ By,

i>N
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For any i > N, by the change of variable z = (Ry;) ' (y) =1— ——, we
i

obtain

(5.6) /Ci(A) £(z) pv(dz) = (log (%))_1 /C’i(A) P f&?_ -da

= (log <N]\—[1)>_1/A (y+i)(y1+z. — 1)f(uN,i(y))dy

_ /A Pri(y) funi(y)) pn(dy).

Now, (5.2) follows from (5.5) and (5.6).

(ii) We will use mathematical induction. For n = 0, the equation (5.3)
holds by the definitions of f and h. Assume that (5.3) holds for some n € N.
Then

6.0 n(R ) = Ry R () = L U@ o),

and by definition, we have

n = ntlfig x).
(5.8) /C U pla) = /A U™ () p(de)
Therefore,
(5.9) p(R"0() = [ 0 f@pa(aa)

which ends the proof. [

6. Random systems with complete connections and the
Gauss—Kuzmin-type problem

In this section, we introduce random systems with complete connections
(RSCC) and describe their properties, i.e. we present the asymptotic and
ergodic properties of operators associated with a RSCC. The general results
presented will be applied to Rényi-type continued fraction expansions. For
more detail, see [9,12].

6.1. Definitions and properties. A RSCC is often called an iter-
ated function system with place-dependent probabilities or simply an iterated
function system (=IFS) [2]. For applications of RSCC to continued fraction
expansions, see also [11,14,19,20].
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DEFINITION 6.1. A random system with complete connections is a
quadruple

(6.1) {(W,W), X, u, P}

where
(i) (W,W) is a measurable space and X is a non-empty set;
(ii) u: W x X — W is a measurable function with respect to W for each
element in X;
(iii) P: W x X — [0,1] satisfies .y P(w,z) =1 for each w € W, and
P(-,z) is a measurable function on (W, W) for each x € X.

The function » induces a unique right action of X™ on W which is de-
noted by the same symbol u. Here

(6.2) u:Wx X" =W, (wz)—wzr:=ulw,zx).

For example, w(zz') is defined by (wx)z’ = u(u(w,z),2') forw e W,z € X"
and 2’ € X. For x =z -2, € X", we can write wz := w(zxy---x,) for
weWw.

Let P(X) denote the power set of X. The domain W x X of P is ex-
tended to W x P(X) by setting

(6.3)  P(w, A) = {()erzi(%vvw)a A0 Ay ew x P(X).

From Definition 6.1(iii), we see that (X,P(X), P(w,-)) is a probability space
for each w € W.

As a generalization of P, we define P,.: W x X" — [0, 1] for each r > 1 by
(6.4) P =P, P/(w,xz’) = P_1(w,z)P(wz,z),

forwe W,z e X"!, x € X, r > 2, where the notation in (6.2) is used.
For A C X", we also define

(6.5) P, A) = {Ozz@mw,x) 420

For w,w’ € W, define the subset X (w,w’) of X by
(6.6) X(w,w') :={z € X :u(w,z) =w'}.

By using the extension of P in (6.3) and X (w,w’) in (6.6), define the new
function @: W x W — [0, 1] by
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(6.7) Q(w,w') := P(w, X (w,w")), (w,w')eW xW.
We extend the domain of Q) to W x W by setting
(6.8) Q(w,B):=P(w,X(w,B)= >  Pwaz), (w,B)eW xW.
zeX (w,B)

We call Q the ((W,W)-) transition probability function associated with
{(W W)? X7 u? P}'

Let L*>*(W) denote the Banach space of complex-valued bounded mea-
surable functions defined on (W, W). In the following, W will be a measur-
able subset of the measurable space (R, Bg) and W = Byy. We can therefore
use the absolute value | - | and Lebesgue measure on W induced by R.

The transfer operator U on L>°(W) is defined by

(6.9) Uf(w):= > Plw,z) f(wz), feL*W), weW.
rzeX

Also for each n > 1, note that

Unf(w) = Z Pn(wﬂx)f(wx)

reXn

where U™ denotes the n-the iterate of U and P, is as in (6.4) for r = n.
It follows that the n-step transition probability function is given by

(6.10) Q"(w,B) = P,(w,B{Y), weW, BeW,n¢eNy,

where B{" = {2 : w2z™ € B}.
Equivalently the transfer operator U can be defined by

(6.11) Uf(w) = /Wf<w'>@<w, dw'), feB,W).
Its iterates are given by
(6.12) U f(w) = /Wf<w'>@”<w, aw'), neN,,

where Q" is the n-step transition probability function.
Now define

Qn(w, B) = %ZQk(w,B), (w,B) e W xW, n>1.
k=1

Acta Mathematica Hungarica 160, 2020



306 D. LASCU and G. I. SEBE

So @1 =@Q. Then (W,W,Q,(w,-)) is also a probability space for each
w € W. Let U, be the Markov operator associated to Q,, i.e.,

(6.13) U f(w) = /W F)Qu(w, du'),  f € BOW, W),

Next, let L(WW') denote the Banach space of all complex-valued Lipschitz

continuous functions on W with the following norm || - ||:
(6.14) £l = £+ s(f),
where

(©.15) [£]:= sup [f(w)l. ()= su ) = S by,

w'#w’’ |’UJ' - w”|

Following [9], we introduce several characterizations of the operator U
in (6.9) as follows.

DEFINITION 6.2. Let W, U, U,, L(W) be as in (6.1), (6.9), (6.13) and
(6.14), respectively. We say

(i) U is ordered if there exists a bounded linear operator U on L(W)
such that

(6.16) lim [|Unf = U¥fL =0, feL(W);

(i) U is aperiodic if there exists a bounded linear operator U* on L(W)
such that

(6.17) lim U f —UfllL =0, feLW),

where U" is the n-th iterate of U for n > 1;

(iii) U is ergodic with respect to L(W) if U is ordered and the rank of U
in (6.16) is 1;

(iv) U is regular with respect to L(W) if U is ergodic and aperiodic;

(v) the Markov chain corresponding to U is regular if U is regular with
respect to L(W), and

(vi) the Markov chain corresponding to U is ordered if U is ordered with
respect to L(W).

REMARK 6.3. Definition 6.2(ii) means that the sequence (U™) converges
to the operator U with respect to the strong operator topology on L(W).

DEFINITION 6.4. The transfer operator U of a Markov chain with state
space W is said to be a Doeblin—Fortet operator if and only if U maps L(W)
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into L(W) boundedly with respect to || - || and there exist k € N4, o € [0,1)
and 8 < oo such that

(6.18) sUFf) <a-s(H)+B8-|fl, feLW).
Alternatively, the Markov chain itself is said to be a Doeblin—Fortet chain.

DEFINITION 6.5. A Markov chain is said to be compact if and only if
its state space is a compact metric space (W, dist) and its transfer operator
is a Doeblin—Fortet operator.

THEOREM 6.6. The Markov chain associated with a RSCC with contrac-
tion is a Doeblin—Fortet chain.

THEOREM 6.7. A compact Markov chain is ordered with respect to L(W)
and there exists a transition probability function Q% on (W, W) such that

(6.19) Uxf - /W F)Q¥(dw), f € L(W).

Moreover, for any w € W, Q* is a stationary probability for the chain.

LEMMA 6.8. Assume that the Markov operator U is aperiodic with re-
spect to L(W). Then we have URU® =U>®, (U —-U>®)U*® =U>®(U — U®)
=0 and U" =U>® 4 (U —U>®)" for n € Ny. Moreover, there exist positive
constants ¢ < 1 and k such that

(620)  UMF—USF|, <k"Ifle. fE€L(W).neN,.

DEFINITION 6.9. The system {(W,W),X,u, P} is a RSCC with con-
traction if the following conditions are satisfied

(i) Y1 < o0
(ii) ¥y < 1 for some ¢ > 1, and
(ii)) T < oo,
where (J;) and T are defined as
;L Jw'r — W'z
(621) 'l9k = w?;lg,, xGZXk P(’U) ,.T)W, k > 1,
Pw',A) — P(w", A
(6.22) T := sup sup [P, ), /(,w : )‘
ACX w'#w” |’UJ —w |

THEOREM 6.10. Let {(W, W), X, u, P} be a RSCC with contraction. For
Q"™ in (6.10), define (o,) by

(6.23) on(w) :=supp Q" (w,-), wewWw
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where supp u denotes the support of a measure p. Assume that W is compact.
Then the following holds.

(i) The Markov chain associated with the RSCC' is regular if and only if
there exists a point wy € W such that

(6.24) lim dist(o,(w),wg) =0 for allw e W

n—oo

where dist(A, w) := infycq |w —w| for ACW.
(ii) For (oy,) in (6.23), we have

(6.25) Omin(w) = | onw),

w' €y, (W)

for all m, n € Ny, w € W. Here the overline means the topological closure
m W.

THEOREM 6.11. Let {(W, W), X, u, P} be a RSCC with contraction such
that W is compact and assume that {(W, W), X, u, P} has a regular associ-
ated Markov chain. Then {(W, W), X, u, P} is uniformly ergodic.

6.2. The Gauss—Kuzmin-type theorem for the Rényi-type con-
tinued fraction expansions. In what follows we give the RSCC associ-
ated with the dynamical system ([0, 1], Bjo 11 Ry) where Ry is the Rényi-
type continued fraction expansions. The ergodic behaviour of this RSCC
gives us the asymptotic behaviour of Ry" as n — oo that represents the
Gauss—Kuzmin-type problem for Rényi-type continued fraction expansions.

Proposition 3.2 leads us to the RSCC { ([0,1], Bjo,11), A, u, P} as follows:

w: [0,1] x A = [0,1]; wu(z,i) :==un;(z) =1— N/(z+1),

z+ N -1

(6.26) { P:[0,1] x A —[0,1]; P(z,i) := Py (z) = Gti@ti-1)

A={N,N+1,...}.

We showed in Section 4.1 that w(-,7) is the right inverse of Ry for each
x € [0,1]. This shows that the dynamical system ([0, 1], Bjo 1}, Rn) is en-
coded by the RSCC { ([0, 1], Bio,1)), A, u, P}.

LEMMA 6.12. The system {([0, 1],8[071}),A,U,P} is a RSCC with con-
traction.

Proor. We have

- % RCETE
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d_ . d i-N  i+1-N
@0 =gt = e~ e

dz dz
for any x € [0,1] and i € A. Thus,
d

sup | u(a, )| <
z€[0,1] dx

N d _ .
v Sup ‘ﬁP(az,z)‘ < oo, 1€A.

z€]0,1]

Hence the requirements of Definition 6.9 are fulfilled. [

Whatever t € [0,1] the Markov chain associated with RSCC (6.26)
(Sn,t)nen, in (4.16) has the transfer operator U in (5.2) with the transi-
tion probability function defined as

(6.27) Q(z,B) = > Pyi(z), z€10,1], B € By .
{ieN:un,(z)EB}

LEMMA 6.13. The system {([0, 1],8[071}),A,U,P} has a reqular associ-
ated Markov chain.

PRrOOF. By Definition 6.2(v), the Markov chain corresponding to RSCC
(6.26) is regular if its transfer operator U is regular with respect to L(]0, 1]).
Now, in order to prove the regularity of the associated Markov operator U
defined by (5.2) with respect to L([0,1]) we have, according to Theorem
6.10(i), to find an element x* € I such that lim, . dist(o,(z),z*) =0 for
all x € [0, 1]. Here (0,,) denotes the support of measure Q" (w, -), where Q"
is the n-step transition probability function of the Markov chain (sy ¢)nen, -

Fix z € [0, 1]. Let us define the sequence (z,,)n>0 in [0, 1], recursively by

N

6.28 = =1-— >1
( ) Zo x, Tn+1 I’n"‘N—i—l’ n =

It is clear that x, € (0,1), n € N, and letting n — oo in (6.28) we get

/N2 _
(6.29) 0<z*= lim z, = YNTHAZN

n—00 2

1

Clearly, zp41 € 01(x,) and using Theorem 6.10(ii) and an induction ar-
gument lead us to the conclusion that z, € o,(z) for n € N;. Since
dist(op(z), %) < |z, — 2% — 0 as n — oo we obtain that U is regular. [

PROPOSITION 6.14. {([O, 1],3[071]),A,U,P} s uniformly ergodic.

PRrROOF. We apply Theorem 6.11. Since the RSCC { ([0,1], Bjo.17), A, w, P}
in (6.26) is a RSCC with contraction and is regular then the statement holds.
O
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Now, Theorem 6.7 implies that Q™(-,-) converges uniformly to a unique
stationary probability measure Q> on ([0, 1], 8[071}).

PROPOSITION 6.15. The probability Q°° is the invariant probability mea-
sure of the transformation Ry .

PROOF. For py in (2.6) and @ in (6.27), and on account of the unique-
ness of Q°° we have to show that

1
(6.30) | @By donta) = on(B). B e By

Since the intervals (u,1] C [0,1] generate By, it is sufficient to show
the equation (6.30) just for B = (u,1], 0<wu<1l. Now, un; € B iff
i> L— — x| + 1. Thus,

(6.31) Q(z, (u,1]) = )3 Pri()
{ieAu<un (z)<1}
B ‘ r+N-—-1
= ) PNﬂ(x)_erL——wJJrl'

i> -] +1

Then,

1 1 1 dz
[ et e =t [T

-1

N

1 <1]—Vu—h—uJ dz +/1 da: >
log(7) \ Jo vt 2] S v ot |2 -1

1 | N
= o
log(%) gu+n—1

= pn ((u,1]).

Hence the statement holds. O

Note that the Markov operator U associated with the RSCC (6.26) is
also given by

(6.32) / f(v)Q(z,dy)
with @ as in (6.27), which implies that

(6.33)  U"f(x / F)Q (x,dy), = €0,1], n€N,.
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The operator U™ f converges uniformly to a constant function U™ f depend-
ing on f for any f € L([0,1]) namely

1
(6.34) U f = /O ) Q(dy).

Furthermore, there exist two positive constants ¢ < 1 and k such that
(6.35) U f=UZfllL <kq"[[fllz, neNi, feL([0,1]).

Now we are able to show the main result of the paper.

THEOREM 6.16 (A Gauss—Kuzmin-type theorem for Ry). Fiz an integer
N > 2 and let ([0,1], Bj,1), Bn) be as in Section 2. For a non-atomic prob-
ability measure p which has a Riemann-integrable density on ([0, 1], Bjg 1),
the following holds:

1 ) r+N-—-1
og s
log(77) N -1

(6.36) li_>m w(RYy < x) = x € [0,1].

PROOF. Let py be as in (2.6). By (5.3), we have
(6.37)  pu(Ry'(A)) = /AU”fo(x) dpon(w) forany n € Ny, A€ By

where fo(z) = (z+ N —1)(dp/dX)(z) for x € [0,1]. If du/dX € L([0,1]), then
fo € L(]0,1]) and by (6.34) and Proposition 6.15 we have

1
log(7)

1 1
(6.38) U*fy = /0 fo(z) Q> (dx) = /0 fo(z) pn(dx) =

Taking into account (6.35), there exist two constants ¢ < 1 and k such
that

(6.39) 10" fo = U= foll, < ka Ifoll s € Ny
Furthermore, consider the Banach space C(]0, 1]) of all real-valued con-

tinuous functions on [0,1] with the norm |[|f]| := sup,¢jo1)[f(2)]. Since

L(]0,1]) is a dense subspace of C([0,1]) we have

(6.40) li_>m (U™ —=U>)f|l=0 forall feC([0,1]).

Therefore, (6.40) is valid for a measurable function fy which is Q*°-almost
surely continuous, that is, for a Riemann-integrable function f. Thus, we
have

T

lim p(RY <) = lim [ U™ fo(w)on (du) = /0 U fo () (du)

n—oo n— o0 0
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1

=—Fx~ | pn(du)= log
log(+5) /0 log(+&+) N -1

Hence the proof is complete. [

REMARK 6.17. The estimate of the convergence rate remains an open
question. Based on this theoretical framework developed here, in [21] we
present an extensive study concerning its optimality using a Wirsing-type
approach [23].
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A two-dimensional Gauss—Kuzmin theorem
for N-continued fraction expansions

By GABRIELA ILEANA SEBE (Bucharest) and DAN LASCU (Constanta)

Abstract. A two-dimensional Gauss—Kuzmin theorem for N-continued fraction
expansions is shown. More precisely, we obtain a Gauss—Kuzmin theorem related to
the natural extension of the measure-theoretical dynamical system associated to these
expansions. Then, using characteristic properties of the transition operator associated
with the random system with complete connections underlying N-continued fractions on
the Banach space of complex-valued functions of bounded variation, we derive explicit
lower and upper bounds for the convergence rate of the distribution function to its limit.

1. Introduction

The purpose of this paper is to show a two-dimensional Gauss—-Kuzmin the-
orem for N-continued fraction expansions introduced by BURGER et al. [3], and
studied by DAJANI et al. [6].

In the last twenty-five years, some versions of the so-called two-dimensional
theorem related to the Gauss—Kuzmin problem have been obtained for different
types of continued fraction expansions. For example, the case of the regular con-
tinued fraction (RCF) expansion was extensively studied in [4], [7] and [9]. For
Hurwitz’ singular continued fractions one can find the corresponding results in [5]
and [14]. In [15], SEBE proved the first two-dimensional Gauss—Kuzmin theorem
which leads to an estimate of the approximation error by the expansion algorithm
in the grotesque continued fractions.
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Our study is a continuation of the papers [11] and [12], where the sec-
ond author discussed some metric properties of N-continued fraction expansions.
Moreover, he investigated the associated Perron—Frobenius operator and proved
a Gauss—Kuzmin theorem for N-continued fractions by applying the method of
random systems with complete connections (RSCC) by I0SIFESCU [8].

1.1. Gauss’ Problem and its progress. One of the first and still one of the
most important results in the metrical theory of continued fractions is the so-called
Gauss—Kuzmin theorem. The metrical theory of continued fraction expansions
started on 25 October, 1800, with a note by Gauss in his mathematical diary [2].
Any irrational 0 < z < 1 can be written as the infinite regular continued fraction
1

x = T =:[a1,as2,as,...], (1.1)

art 7

ag + ——

az+ -

where a, € Ny :={1,2,3,...} [9]. Such integers aj, as, ... are called incomplete
quotients (or continued fraction digits) of x. Define the reqular continued fraction
(or Gauss) transformation T on the unit interval I := [0, 1] by

1 1
Lo H if 240,
x x

0 if 2 = 0,

7(z) = (1.2)

where || denotes the floor (or entire) function. Denote by m.,(x) the probability
that (7" < x). Although he does not explicitly state it, Gauss must have known
the recursion formula

s E () () 09

since he wrote that he could prove by a “very simple reasoning” that (in modern

notation)

lim my(z) = log(1 + z)

1. 1.4
n—o0 log2 '’ Te (1.4)

In 1812, Gauss asked Laplace [2] to estimate the n-th error term e,(x) de-

fined by
~ log(1+2)

>1 I. 1.5
gz "2 , T E (1.5)

en(z) = mpy(x)
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This has been called Gauss’ Problem. It received a first solution more than
a century later, when KuzMIN [10] showed in 1928 that e,(z) = O(¢V™) as
n — oo, uniformly in « with some (unspecified) 0 < ¢ < 1. This has been called
the Gauss—Kuzmin theorem and the recursion formula (1.3) is the Gauss—Kuzmin
equation.

For such historical reasons, the Gauss—Kuzmin theorem is regarded as the
first basic result in the rich metrical theory of continued fractions. By such a de-
velopment, generalizations of these problems for non-regular continued fractions
are also called as the Gauss—Kuzmin problem.

1.2. Outline. In Section 2, we present notions and preliminary results to be
used in the sequel. We mention that the infinite-order-chain representation of the
sequence of the partial quotients of the N-continued fraction expansion allows
a concise formulation of the obtained results. Section 3 presents a Gauss—Kuzmin
theorem related to the natural extension [13] of the measure-theoretical dynamical
system associated to N-continued fraction expansions. Section 4 is devoted to
deriving explicit lower and upper bounds of the error which provide a more refined
estimate of the convergence rate. The key role in this section is played by the
transition operator associated with the RSCC underlying N-continued fraction
on the Banach space of functions of bounded variation. The last section collects
some concluding remarks and gives some numerical calculations.

2. Preliminaries

Fix an integer N > 1. The measure-theoretical dynamical system (I, By, Tn)
is defined as follows: I := [0, 1], B; denotes the o-algebra of all Borel subsets of I,
and Ty is the transformation

N_ {NJ if x € (0,1],
Tn:I—I, Ty(z):=¢ @ x (2.1)
0 ifx=0.

In addition, we write (I,B;,Gn,Tn) as (I, By, Txn) with the following probability
measure Gy on (I, Br):

1 dz
GN(A) = log% /A T N’ A€ B;. (22)

The measure Gy is Ty-invariant, i.e., Gy (Tﬁl(A)) = Gn(A) for any A € By,
and the dynamical system (I,B;,Gn,Tw) is ergodic [6]. For any 0 < = < 1,



294 Gabriela Ileana Sebe and Dan Lascu

put ai(z) = |[N/z| and a,(z) = a1 (Tx '(2)), n € Ny, with T9(z) = z. Then
every irrational 0 < z < 1 can be written in the form
N
T = N =:la1,a9,as, ..., (2.3)
ot N
as +

as + -
where a,,’s are non-negative integers, a, > N, n € N; := {1,2,...}. We call (2.3)
the N-continued fraction expansion of x and p,(x)/q,(x) := [a1,a2,as3,...,an]N
the n-th order convergent of x € I. Then p,(z)/q.(x) = x, n — oo. Here p,’s

and ¢,,’s satisfy for n € N, the following:

pn(l’) ‘= QpPn-1+ an_Q, n>1,
Qn<.’17) = anQn-1+ Nqn—2, n>1, (25)

with po(#) = 0, qo(z) == 1, p1(2) = 1, _1(z) == 0, () = N, () = ax.
In [12], we showed that
Nn
< >l 2.6
2@ 20

For any n € Ny and i) = (i1,...,i,) € A", A:= {N,N +1,...}, we call

pn()
qn ()

T —

In (i(”)):{xEI\Q:ak(m):ik for k=1,...,n} (2.7)

a fundamental interval of rank n and make the convention that I (i(?) = I\ Q.
For example, for any ¢ € A, we have

. . N N
IN(Z):{xEI\Q:alzz}:(I\@)ﬂ<,,,>. (2.8)
1+1 4
Denote by A the Lebesgue measure on I. For any n € N,, the conditional
probability A(TR < z|aq,...,ay) is given as follows [12]:

(sn + N)z
AT < zlag,. .. ap) = 20T 0% 0 e, 2.9
(Ty < zlay an) snd + N € (2.9)
where s, := N1 = [a,,, ap_1,...,a2,a1]5,n > 1, 5o := 0. Equation (2.9) is the

Adn
Brodén—Borel-Lévy formula for this type of expansion. It allows us to determine

the probability distribution of (ay,)nen, under A. For any i € A, we have [12]:

/\((ll = Z) = A (an+1 = ’L'|(117 . ,an) = ‘/1\/'12'(571)7 (210)
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where
z+ N
(z+i)(zr+i+1)

Hence the invariant probability measure of the transformation Ty is Gy, the

VNVZ‘(JJ) =

(2.11)

sequence (a,)nen, is strictly stationary on (I, Br,Gn). As such, a doubly infinite
version of it, say (@;);cz, should exist on a richer probability space. Indeed, such
a version can be effectively constructed on the natural extension (12, B2, G, Tx)

of (I,Br,Gn,Tx), where the transformation Ty is defined on the product space
(I%,B%) := (I,B;) x (I,B) by

. N
Tn(z,y) = Tn(z), ——— ), 2.12
Vo) = (Tv(o) 5 ) (212)
and the extended measure G is defined by
— 1 Ndzdy 5
GN(B) := , BeB. 2.13
5B = ey [ Gy n ; (2.13)

In [6], it was shown that the measure Gy is preserved by Ty, that is, Gy (B) =
Gy ((Tn)~1(B)), for any B € B?. The transformation Ty is bijective on I? with
the inverse

T e = (o

)+ TN(y)) , (z,y) € T2 (2.14)

Tterations of (2.12) and (2.14) are given as follows for each n > 2:
(ﬁ)” (.T, y) = (Tlr\L/(x)v [an(x),an—l(w)a s ,CLQ(ZL‘),CLl(ZL') + y]N) )
(Tn) " (@) = ([an (), an-1(y); - -, as(y), a1 (y) + 2]n, TR (y))

We define the extended incomplete quotients a;(x,y), | € Z at (x,y) € I? by

a(z,y) =a ((ITn)(2,y)), €L, (2.15)

with @ (x,y) = a1(z). Clearly, for n € N, and any (z,y) € I?, we have @, (z,y) =
an(x), ap(z,y) = a1(y), a—n(x,y) = ans1(y). Since the extended measure G is
preserved by Ty, the doubly infinite sequence (a@;(z,y))iez is strictly stationary

under Gy. In [12], we showed that the dependence structure of (a;);ez follows
from the fact that

(N +a)x

GiN([O,SC} X I|EO,E_1,...) = a.’1,‘+N s

Gn-as. (2.16)
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where a := [ag,a—1,...]n. Hence, we obtained in [12] that

GN(El = ’L"ao,afl,...) = VNJ'((I), GiN—a.S. (2.17)

where Vi ; is as in (2.11). We thus see that (@;),c, is an infinite-order-chain in
the theory of dependence with complete connections [8].

Put 5, = [ag,a¢-1,...]n, ¢ € Z. Note that 5 = N/(3p_1 + ay), £ € Z.
It follows from (2.17) that (5¢),y, is a strictly stationary I-valued Markov process
on (12, B%,Gx) with the following transition mechanism: from state 3 € I the only
possible transitions are those to states N/(5+1), i € A, the transition probability
being Vy,i(5). Clearly, whatever ¢ € Z we have

Gy (Gi<x)=Gn(Bo<z)=GN(I x[0,2]) =Gn([0,2]), z€I.

Motivated by (2.16), we shall consider the family of (conditional) probability
measures (G )¢ on By defined by their distribution functions

(N +t)z

GN,t([07x]) = t.’b-'-N )

z,t el (2.18)

In particular, Gy, is the Lebesgue measure on I. The density hy ¢ of G+ is

N(N +1)

m, xe],te[

hN,t(x) =

Using a similar reasoning as for regular continued fractions [9, Section 1.3.4] and
[1, p. 224], we get

sup |Gn(A) — Gn (A /|hNt — hy(z)|de
AeBr
|(N(r+1t) +rt)z? + 22N? — N?|
- r—t de = knlr—t, (219
|r |/ (tx + N)2(rxz + N)? v Nl =t ( )
where | ) 2|
_N t) + rt)z? + 2eN? — N
d ,tel.
/ tx—|—N) (re+ N)? oo

For any t € I, put so; =t and s,y = N/ (sp—1,1 + an), n € N4. The moti-
vation for considering the s, ¢, n € N, t € I, will appear later on, see (2.25). Note
that by the very definition of s, ¢, we have s,; = [an,...,a2,a1 + t|n, n > 2,
while s1; = N/(a; +t), t € I. These facts lead us to the random system with
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complete connections [11] {(I, Br), (A, P(A)),u, V'}, where P(A) is the power set
of A, u: I x A — I is defined as
N

u(z, 1) == ui(x) = un,(z) = poarnet (2.20)
and V : I x A — I is defined as
V(z,i) == vi(x) = V() (2.21)
with Vi ; asin (2.11), for all x € T and i € A.
Then (s"vt)neNJr is an I-valued Markov chain on (I, Br,Gn ) which starts

from s; 0 =t, t € I, and has the following transition mechanism: from state s € I
the only possible transitions are those to states N/(s +4) with the corresponding
transition probability Vi ;(s), ¢ € A. Let B(I) denote the Banach space of all
bounded B;-measurable complex-valued functions defined on I, which is a Banach
space under the supremum norm. The transition operator U of (s,,¢)nen, sends
f € B(I) into the function defined by

By (f(sn41,6)] Sn,t = s) = ZVN,i(s)f <N> =:Uf(s) (2.22)

Py s+
for any s € I, where E; stands for the mean-value operator with respect to the
probability measure Gy ¢, whatever t € I, and U is the Perron—Frobenius operator
of (I, B[, G’N7 TN) [12]
In connection with the operator U, if we define

U=t = [ He)iGnla), 1B, (223)
I

then we have

Ueurf=U0>f, forany fe€ B(I)andn € N,. (2.24)
Note that for any ¢ € I and n € N, we have

GN,t (A|CL1, s 7an) = GNys‘n,‘t (T]%(A)) )

whatever the set A belonging to the o-algebra generated by the random variables
Qng1,Ani2 - .., that is, o(ant1,ang2,...) = Tx" (Br). This follows from (2.16)
for all irrational ¢ € I and by continuity (use (2.19)) for all rational ¢ € I.
In particular, it follows that the Brodén-Borel-Lévy formula holds under Gy,
for any t € I, that is,

(Sn,t + N)x

GN,t(T]\lf <$\a1,...,an) - Sn,t$+N 5

zel, neNy. (2.25)

Note also that (s,.¢)nen under G ¢ is a version of (5, )neny under Gy (+|so = t)
for any t € I.
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3. A two-dimensional Gauss—Kuzmin theorem

In this section, we give a Gauss—Kuzmin theorem related to the natural
extension (I 2 B2,Gy, ﬁ) To solve the problem, we need a version of the Gauss—
Kuzmin theorem for Tl different from that presented by the second author in [11].
The problem of finding the asymptotic behaviour of T"(A4) as n — o0, A € By,
represents the Gauss—Kuzmin problem for N-continued fraction expansions.

Theorem 3.1 (a Gauss-Kuzmin theorem for Ty). Let (I,Gn,Tn) as in
(2.2) and (2.1). Denote by A the Lebesgue measure on I. Then there exists
a constant 0 < 0 < 1 such that for any A € By, we have

|)\ (T&”(A)) — GN(A)] < CO"N(A), (3.1)
where C' is a universal constant.

PROOF. In [12, (Proposition 8.1(ii)(c))], we showed that p((Tn)""(A)) =
J,U" f(x)dG N (x), where 11 is a probability measure on (I, Br) absolutely continu-
ous with respect to the Lebesgue measure A, and f(z) := (log (NH )) (+N)h(z)
with h := du/dX a.e. in I. In the special case p = A, we obviously have

1 Urf(@) 4.

ATR"(A)) = g () Ju 7 N (3.2)

with f(z):= (log (23)) (z+N), = € I. Thus, from (2.23) we have that U> f=1.

Therefore,
1 U>*f(x)
Gn(A da. 3.3
n(4)= 1og(N+1)/A;v+N . (3.3)

In [11], we showed that there are two positive constants § < 1 and k such that

1U"g = U>gll, < k0" llgll,, g€ L), n €Ny, (3.4)

where L(I) denotes the Banach space of all complex-valued Lipschitz continuous
functions on I with the following norm:

- lg(z") — g(a")]
lglly, = suplg(x)| + i S Py
Therefore
. U™ f(z) = U>f(x)]
|)\ (TN (A)) Gn(A | > log N+1 / z+ N dz

n 1 _ n n
<K 1 gy | =k 1107 G ()
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Since 1
GN(A) < —————<X\(4), AehB,
Nlog (85+)

the proof is completed. ([l

The essential argument in the proof of the Gauss-Kuzmin theorem for Ty is
the Gauss—Kuzmin equation. First we give the Gauss—Kuzmin equation for the
one-dimensional case. Define the functions (F),),en on I by

Fo(z) =2, Fulx):=XTy <z), n>1. (3.5)

The Gauss—Kuzmin equation is

Frpi(z) =Y (Fn (JZ[) - F, (ler Z)) (3.6)

i€EA

for x € T and n € N. The density of the measure Gy defined in (2.2) is

an eigenfunction of (3.6), namely, if we put F,(z) = log (*5~), z € I, we obtain

Foi1(x) = log (%)

Next we will derive a Gauss—Kuzmin theorem related to the natural extension
(I%,B2,G N, Tx) defined in Section 2.

For any n € Ny and z,y € I, let us define A, , = [0,2] x [0,y] and the

functions F,,(z,y) by

Fa(w,y) =X ((Tn)" € Ay ). (3.7)

where ) is the Lebesgue measure on I2. Then the following holds.

Theorem 3.2 (a Gauss—Kuzmin theorem for ﬁ) For every n > 2 and
(z,y) € I?, one has

P ) = O (Bea) = ey s (0 ) #0067 69
N

with 0 < p < 1.

For any 0 < y < 1, put ¢; := {%J For (£,¢) € I?, then (ﬁ)m_l (&) €
A 4 is equivalent to

e (10 [5]oa)o (]--o)

i>0+1
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Now, from (3.7) we have the following recursive formula that represents the

Gauss-Kuzmin equation associated to the functions (£, )nen, :

o= (5 (51) 7. ()

— (N N — N N
—NFp|—— O —Fp|——,—— ¢ . 3.9
( n(glay 1) n<x+£17y 1)) ( )
The density of the measure G defined in (2.13) is an eigenfunction of (3.9),

namely, if we put F,(z,y) = log(w;;N), x,y € I, we obtain F,i(z,y) =

log (#)

Lemma 3.1. Let n € N, n > 2, and let y € INQ with y = [{1,...,%]n,
l,..., g€ N, 83> N+1, where d < |n/(N +1)|. Then for every z,z* € [0,1)
with * < z,

log (;;HN) 3

. _ . y+N (NJF 1) ¢

Fp(z,y) — Fp(z™,y) — log (L) STNT 1o
N

qX(Aaf,y \ Az*,y)qniﬂ

where 0 < ¢ < 1, and C is given as in Theorem 3.1.

PrOOF. Let yo = v, ¥i = [lit1,---,a|ln, i = 1,...,d — 1, and y4 = 0.
Applying (3.9) one gets

Fr(z,y) = Fo(z®y) = > (Fn_l <$N+Zl> ~Fn (ﬂﬂ))

i>0

_ N — N
+ <Fn—1 <M7y1) - F, <M7y1>) . (310>

Now for each B € B? one has

\(B). (3.11)

N _ _
e e )

Now from (2.8), (3.11) and the fact that Ty is G y-invariant, it follows that

SH(ENES)

i>0

= <I]\<sz - ﬂz) :ZA(LJXMZ\;] " [O’l]>

i>0
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2
S(N]—Cl) 10g<N+1>ZGN z*,z) x In(i))
>0
< D S S (o) < v) = L @ - 0) 3 w0
>0 1>
(N +1)? . N N (N +1)2 n N
_NQ(x_x)g;<i_i+l>< Nz @
3
WD oy = DA, \ Ay (312)

Since for every 2 < k < d, A(In (¢1,...,€k—1)) < (N 4+ 1)y, a similar analysis

leads to

N +1)? N+1
Z‘[ivgk—la"'vx*_Fgl]N_[iagk—la"'7x+€1]N|S( ; ) log( ]j/: )

x Z Gy ((ﬁ)’“ ([ Cots - o 2+ O] s [is Gty - -2+ E1]) X [0, 1])

N+1 .
Z .’E {E X IN (617"'76167171))
>l

S%(x_x*))\(IN(fl,...,ék_l))
(NV+1) M X(Dpy\ Agey) . (3.13)

S TR @ E TR
Since F,,(z,1) = F,(x), from Theorem 3.1 it follows that

SCMESENER)

>4

N Z <GN (L—H xﬁz]) N <x*]\—fi-z B Iﬁj)@(q"ﬁ)

>0
1 e hitl i) (N4 1)3- B
= 1 . A n
log(NN“);log(wﬂﬂ m*+z’>+ Nz M Bay\Baey) O (")
1 T+ 4 (N+1) 1
= -l zy \ Do 1y (3.14
log (N51) (m*+€1> i A Bay \ Bey) O (¢ (3:14)
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Now by (3.10) and (3.14), we have

Fu(z,y) = Fu(z",y)

Applying (3.10) d-times and taking into account that y4 = 0, we get

Fo(z,y) — Fu(z",y)

1 o <x+£1 [ty [Kdl,...,Zg,x—i—El]N—i—Ed)
10g(NT) & 4+l [z b+l a1, .. ba,x* + 0N+ g

(NNLD( ey \Dary) (O (") + ..+ 0 (¢"9)). (3.15)

If pg and gq are as in (2.4) and (2.5) with a; = x + ¢; and aq = {4, d > 2, then
iy oy + O] =Nq;—*1, =

%

+

1,...,d. Since gy = 1, we have

(+0)([z+ N +L2) - (la-1,- .., la, x4+ Ui N + La) = qa-

Let p} and ¢ be asin (2.4) and (2.5), with a1 = 2*+¢; and aq = {4, d > 2. Since
pq and p}; do not depend on the a;, we have that pg = pj;. Thus we find that

(x+€1)([$+‘€1]N+€2)"'([gd—lpu,‘e%x"‘él]N+€d)
(* + L) ([z* + )N +L2) - ([la—1,- - Loy 2% + ba] N + La)
qa piqa v+l [l g er% _wy+N
=2 =4 = ~ = . (3.16)
R 2 A AT (2 TR A1}, o+ TY+N

1— d n—d
Since "+ .-+ ¢! = q”*dli_qq < ;]_ 7 from (3.15) and (3.16) we obtain

the desired result. O
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PROOF OF THEOREM 3.2. Let (z,y) € I?, n > 2. In view of Lemma 3.1,
we assume that y ¢ Q. Put d := max{k € N: k even and x < |[n/(N +1)] + 2}.
Let g, be as in (2.5). Since a,, > N, n € N1, we have ¢, > N(¢n—1 + ¢n-2),
n € N. Define now g,,, n € N4, by the recurrence relation
qn = N(qnfl + qn72)7 n e N+7 (317)
with g_; =0 and gy = 1. Then

It is easy to see that

n+1 n+1
I N+ VNTFIN N — VNTF AN 5.19)
= JNT1IN 2 2 o

From (2.6), (3.18), (3.19) and the fact that d is even and 5 < d < {5 + 2,
we get

‘ pa| _ N* N (N? +4N)
qd (24)? {(NJF\/m)dH - (N_\/m)dﬂr
2 2
N (N? 4+ 4N N)FFH2 (N2 4 4N) . 2 %4712
< ( ) < (V) (V" + 4N) . (3.20)

2 _2n_
|:<N+x/N2+4N)d+1:| (N + VN2 + 4N) DESRE
2

Since Ay, /g0 C Agy and Fry (2, y) = A ((ﬁ)*" (Aw)), from (3.11), (3.20)
and the fact that Ty is G y-invariant, we find that

(3.21)
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Since for every fixed z € [0, 1], the function y — log (Ty+N> is differentiable on
[0, 1], by the Mean Value Theorem we have

N pd_|_N
o (252 s (52 < -2 |2
d

(N)™F 2. (N2 4 4N) . 271112 . ¢
_2n_
(N + VN2 +4N) ¥

pal

, 3.22
qd (8.22)

<w-‘y—

where pg/qs <€ < y.
By Lemma 3.1, (3.21) and (3.22), and the fact F,, (O, %) = 0, we have

B 1 Io (xy—i—N)
g () TN

= = Pd = Pd\ = Pd 1 0 TN
<|\F,(z,y)—F,|z,— F,\e,— |-F,|0,— lo
hS ‘ (2, y) n(x Qd) n(x Qd> n< (]d) log(N+1) g( N

+

1 zy+ N rPd 4+ N
| -1 494
“rgy [ () 0g< N
<<N+1>3(N)N’11+2.(N2+4N)-21v21‘1+2-x (N+13 C  pa . 4
=~ —2n r—q
N (N + VN2 +4N) ¥ N2 1-q q
1 (N)™H2. (N2 +4N) 2701 t2 . g
log (*3%) (N + VNZFaN) ¥ *?
N+1\? 1 (N)™ 12 (N2+4N) - 2¥0+2  (N+1)23 C .,
S\ ) e = N2 1-¢%
og (%37) (N+VNZFAN) ¥ a
Since d < n/(N + 1) + 2, we have
a2 ()
z,y log(N'H) = N log<N+1)
2 T+2 3
><( ) > (N?+4N)-2 Nt x+(N+21) ¢ Qqujil < Kp",
(N+\/N2+4N)N N2 (1-a)g
where
o AN(N? +4N) (N+1)3 1 LS
(N + VNZ14N)? N log (25) N2 (1-q)¢?
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and
1
N (4N) N+1
p=max | gNFT, 5 < 1.
(N + VN2 +4N)~+1
The proof is completed. O

4. Improving results

In this section, we shall estimate the error term

n 1 zy+ N
€n,t($7y) = GN,t (TN € [O;x]vsn,t S [Ovy]) - W log ( yN )

for any t,x,y € [ and n € N.
In the main result of this section, Theorem 4.4, we shall derive lower and
upper bounds (not depending on ¢ € I) of the supremum

sup |en,t(xay)|’ te Ia
zel,yel

which provide a more refined estimate of the convergence rate involved. First,
we obtain a lower bound for the error, which suggests the exact convergence rate
of Gyt (Snt € [0,y]) to G ([0,y]) as n — oo for all ¢t € I.

Theorem 4.1. For any t € I and n € N, we have

L N (1) < 5up |Gt (s € [0,9]) — G ([0, 9))]

2 yel
with vy ) (t) = supGn ¢ (St = ), where we write N(n) for (iy,...,i,) with
sel
i1=-=in=N,neN,.

PROOF. First, the continuity of the function y — Gy ([0,¥]), y € I, and the
equations

}lli{‘% Gt (Sn,t <y—h)= Gny (Snt <y)
and

li = <

Jimy Gni(snt <y+h)=Gny(snt <)

imply that

sup |Gt (Snt <) — Gn ([0,9])] = sup |Gt (sne < y) — G ([0,9])]
yel yel
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for all t € I and n € N. Second, whatever s € I we have,

GNi(snit=58) =GNy (Sne <8)—Gn ([0,8]) = (Gnyt (sne < s) — Gn ([0, 9]))

< sup|G i (sn,e <y) =GN ([0, y])[+sup |G, (s, <y) —Gn ([0, 9])]
yel yel

= 2sup |GN,t (Sn,t < Z/) -GN ([O’y]” :
yel

Hence,

21611; |GN.t (Sne €[0,9]) — G ([0,9])]

1
=sup |Gy (sne <y) — Gn ([0,9])] > 5 sup G ¢ (Snt = 5),
yel sel

forall t € I and n € N.
By induction with respect to n € N1, we get

U'f@) = Y Vi @) f (i (7)) (4.1)

015eeeyin €A

where i, i, = Wi, © -0 Uiy, Uiy, () = Vi, (€)viy (wiy (2)) - 0i, (ui, oy (7)),
n > 2, and the functions u; and v;, i € A, are defined in (2.20) and (2.21).
It follows from (2.22) that

Unf(t) :Et(.f(sn,t))v n €N, fEB(I), tel

As sp i =Uq,, a (t), t €I, n €Ny, we have

LCERRER)

Urfi) =Y G ((a17a27...,an):z'(n))f(uin,__il(t)) (4.2)

(M) e An

for any n € Ny, f € B(I), t € I and i = (iy,...,i,) € A™.
Hence, by (2.7), (4.1) and (4.2), we get

Viyin (t) = G (IN (M)) = Gt (Sng = [in, ... izsir +Hn), n>2

. N
vi, (t) = G (In (1)) = Gy (Sl,t =i t) ,

forall t € I and iy,...,i, € A.
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Since, as easily seen,

max Gp, (IN (i(n))) =Gnt (In (N(n))),

Z‘(n)eAn
where we write N(n) for i) = (iy,...,i,) with i, =--- =4, = N, n € Ny.
In [12], we showed that Iy (i(™)) is the set of irrationals in the interval with
endpoints Pnond PrEProt gine
dn Qn + Qn—1
N
i1
B g, inly =
- yereybn = N
an - ifn > 2,
. pnfl(l27 7271)
11 + -
qn—1(227 ;Zn)
and
N
- ifn=1,
Pn + Dn—1 _ i1+ 1
dn + dn—1
[ila---yin—hin"'l]]v 1fn22,
N
- ifn=1,
11 + 1
- N ifn>2
. . ifn>2,
i +pn(l27'-'7ln7N)
1+t
Qn(12>--- aZ’I’HN)
we can write
t+ N)N"—1
Uiy, () = - - ( ) - -
Gn-1(12y -« - yin)(E+01) + Pr1(i2,- -, 1n)
1
X (4.3)

qn(ig,...,in7N)(t+i1)+pn(i2,...,in,N)
for all i, e A, n>2,and t € I.
Also by (4.3), we have

@ (t+ N)N"—1
UN(n =
N gn1(N,...,N)t+N)+p,_1(N,...,N)
—_——— —_———
(n—1) times (n—1) times
1

X

@ (N, ,N.N){t+N)+pa(N,...,N,N)
—— — ———

n times n times



308 Gabriela Ileana Sebe and Dan Lascu
It is easy to see that vy (y)(-) is a decreasing function. Therefore

sup GNi (8n,t = 8) = Unm)(t) > Un(n) (1)
sE€

forallt e 1. (]
Theorem 4.2 (the lower bound). For any t € I, we have
log (—”;;N )

1
—vnm (1) < su G % €10, 2], sn.t € [0, -
5 UN( (1) xEI,zI;)EI N (TR €10, 2], 50,0 € [0,9]) log(N;[rl)

for all n € N;.

Proor. Whatever ¢t € I and n € N, by Theorem 4.1 we have,

1 xy—l—N)
su G T € 10,2], 804 € 10,9y]) — lo
G (T3 € 0,0) 80 € 04) oy tow (25 ‘
1 y+ N
> sup |G TNy € 1,8, €[0,y]) — lo
2 s G (T8 & s € 04) — oy os (g )|
1
= SUII)|GN,t (sn,t €[0,9]) =GN ([0,9])] > §UN(n)(1) U
ye

Remark 4.1. Note that

1+ N)NH
’UN(n)(l):i( - z , neNy,
qn+1Qn+2
where @, is defined in (3.17). Using (3.19), it should be noted that Theorem 4.2
in connection with the limit

1/n
(1 2
i+ <2UN(”)(1)> TN+ VNZFAN 12

leads to an estimate of the order of magnitude of the error e, (z,y).
It is known that for the RCF-expansion [7], the exact order of magnitude

of the supremum sup,cr ,c; ‘Mt (" € 10,2, 8¢ € [0,9]) — %‘, where 7 de-
notes the Gauss map (1.2), 7" = [an+1, Gnt2, ... (= the regular continued frac-
tion with incomplete quotients any1, ani2,-.. ), 1e([0,2]) = (i:i)lm, z,t € I and

Sttt = 1/(Snt+ant1), n >0, =t €1, is O(g*) with g = (\/5— 1)/2, g*> =

1/n
1
(3—1/5)/2=0.38196. ... Note that for N=1, we have lim (21)]\,(”)(1)) = g%

n—oo
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In what follows, we study the transition operator associated to the RSCC
underlying N-continued fraction on the Banach space of complex-valued functions
of bounded variation. The characteristic properties of this operator are used to

derive an explicit upper bound for sup |e, . (z,y)], t € I.
zel,yel

Let BV (I) be the Banach space of complex-valued functions f of bounded
variation on I under the norm

If1ly == varf +|f],

where |f| := sup,¢;|f(z)|. Remember that the variation varaf over A C I of
f € B(I) is defined as

k
sup > |f(wi) = flwipa)];
=1

the supremum being taken over all wy < -+ < wg € A, k > 2. We write simply
varf for vary f, and if varf < oo, then f is called a function of bounded variation.
We start by proving the following elementary result.

Proposition 4.1. For any f € BV (I), we have

varUf < -varf + Ky - |f],

N+1

where
2V N2 + N
(N+VN2Z+N)N+VN2ZHN+1)
1 1
T+i w+i+1

Ky = (4.4)

PROOF. Recall that v;(z) = (z + N) ( ), i € A. We have

ol () = 1 [1_ (:U+N)(2x+2i+1)] B L(N,z)

(z+i)(z+i+1) (x+i)(z+i+1) | (z4+9)2(x+i+1)2

with L(N,z) = —2? —2Nx +i(i + 1) — N(2i + 1), for every i € A.

If N <i<2N -1, then L(N,z) <0 for all z € I, ie., vi(z) <0,z € I.
Hence, the functions v; are decreasing on I.

If § = 2N, then L(N,z) > 0 for all z € [0,—N + VN2 + N, i.e., vi(z) > 0,
z € [0,—N + VN2 + NJ, and L(N,z) < 0 for all x € [-N + VN2 + N,1],
Le., vi(z) <0, z € [-N 4+ VN?+ N,1]. Hence, voy is increasing on [0,—N +
VN2 + NJ and decreasing on [-N + v/ N2 + N, 1].

If i > 2N + 1, then L(N,z) > 0 for all z € I, i.e., vi(z) > 0, € I. Hence,
the functions v; are increasing on I.
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Hence,
var v; = QUi(—N—F\/NQ—f—N)—’Ui(O)—’Ui(l), Z=2N,
ui(1) — 03 (0), PN L,
and
Ui(o)v N <i<2N -1,
|vi| =supvi(z) = v;(~N +VN?+N), i=2N,
zel
vi(1), i>2N +1.
Thus
sup\vl|—max{ ), van(—N + \/N2+N),v2N+1(1)}
€A
\/NQ—I—N N+1
= max
"(N+VNZAN)(N+VN2+N+1)” (2N+2)(2N +3)
B N N+1
Also,
Zvarvi = Z (v,(O) —v;(1)) 4+ varvan + Z (v;(1) — v;(0))
ieA N<i<2N i>2N+1
I S 2/ N?+ N RN
22N+1)  (N+VN2H+N)(N+VN2+N+1) 2N+1 2(2N+1)
B 2V NZ 4 N
(N++VN2E+N)N++VN2HN+1)
Therefore,
VarUf—vaerl (f ouy) <Zvar (fowuy))
€A 1EA
< Z |vs|var(f o u;) + Z |f o u;|var v;
ieA ieA
1
< (bup|vz|> %Var fou;)+ \f|ggvarvz < NT1 -varf + Ky - |f],

where the constant Ky is as in (4.4), and because we took into account that

Zvar(f o ;) Zvar

€A i€EA

N f= = var f. O

12
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Corollary 4.1. For any f € BV(I) and for all n € N, we have

var Unf S (]Vi—l + KN) . varf, (45)
1 n

PROOF. Note that for any f € BV(I) and u € I, since [,;dGn(z) = 1,
we have

) - | [ s (o) < ]f<u> - [ f@aGx
- / (f(w) — f(2))dCy (2)| < varf,
whence
1] = sup | f(u)| < ‘ [ t@aGute)| s, fenva. @)
uel I

Finally, (2.23), (2.24) and (4.7) imply that
0 - vl < | [ 0 - v @G| + v @y - U=)

|\ UXU™f —U¥f|+varU"f = varU"f, (4.8)

for all n € N and f € BV(I). Remind that U f is a constant.
It follows from Proposition 4.1 that for all f € BV (I), we have

var(Uf —U>f) < cvar (f —U®f)+ Ky -|f —U>f].

N+1
But,
var (Uf —U*f) =var U, var (f — U f) = varf,

and |f — U f| < varf, which is (4.8) with n = 0. Thus,

1
varU f < N1 -varf + Ky -varf = <N+1 —|—KN) -varf,
which leads to (4.5). Next, (4.6) follows from (4.8) and (4.5). O

Theorem 4.3 (the upper bound). For any t € I, we have

zy+N
su (;' j (S (),.’I} ,Sn, (S (), )
7p N,t\Lt N t Yy 1 (N;[rl) N 1 N

for all n € N.
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PROOF. Let F,, +(y) = Gni(snt < y) and H,1(y) = F,(y) — Gn([0,9]),
t,y € I, n € N. Note that H,.(0) = 0. As we have noted, U is the transition
operator of the Markov chain (s, ¢)nen. For any y € I, consider the function f,
defined on I as

1 ifo<t<y,
fy(t):={ ==Y

0 if y<t<1.

Hence
Urfy(t) = By (fy(snt) ot =1t) = Gni(sne <)

forallt,y € I, n € N. As

U=f, = [ £,0aGx () = Gu (09D, vl
It follows from Corollary 4.1 that
|Hn,t(y)‘ = |GN,t(5n,t S y) - GN([O,?J]N

= |U"f,(t)=U>f,| < (N:—l—i_KN) var fy = (]\:&—I_FKN) (4.9)

for all t,y € I, n € N. By the very definition of the conditional probability and
(2.25), for all t € I, z,y € I and n € N, we have

Gt (Ty €102, 80t € [0,9])
=GNy (Ty €[0,2]| spe €10,9]) - Gne(snye € 10,9])
=GNy (Ty €[0,2] | sne €[0,9]) - Fu(y)
Y(z+4+ N)z

y
:/0 Gt (Tx € [0,2]| snp = 2) Al o(2) :/0 2+ N dFy4(2)
Y(z4+ N)x Y (z+ Nz
= —_— > H
/0 zx+ N dGN(Z)+/O 2z + N dHp.(2)
wy+N\  (z+ Nz v /y Nz(1-z)
= 1 H _ 7H )
log (“3+) 0g< N >+ zx+ N nt(2)lo o (zz+N)? nt(2)dz
Hence, by (4.9)
1 zy + N
Gyt (Tx € [0, 2], 500 € [0,9]) — 1
Nt (T €10, 2], 550 € [0,9]) log(NJ;’H) Og< N >|

1 "((y+N)x N(1-ux)
<|—=——+K
(N+1+ N) (xy+N * zx+ N

z—y)
z=0
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1 " + N)z 1—2)x
LK (y+N)z  (1-2)zy
N +1 xy+ N xy+ N
1 N - n _ 1 N " n
N1 0N EEANTI T

where Ky is as in (4.4), t,z,y € I, n € N, O

Combining Theorems 4.2 and 4.3, we obtain Theorem 4.4.

Theorem 4.4. Whatever t € I we have,

1 zy+N n
- (1)< p G (Tn S [O ] S [0 ])— < ( + K >
UN(n su ,I|,S y

2 N(n) = 1yel Nt \L{ N n,t Yy ] g(NNl) N

for all n € N;.

Remark 4.2. Theorem 4.4 implies that the convergence rate is O(a”), with

2 1
<a< —
N++VN24+4N+2~ ~— N+1

For example, we have

+ Kn.

N=1 g% = 0.381966 < o < 0.843146
N=2 0.267949192 < o < 0.535374333 . ...
N=5 0.145898033 < o < 0.257764367 . ..
N =10 0.083920216 < o < 0.138555191 . ..
N =100 0.009804864 < o < 0.01487615

N =1000 0.000998004 < o < 0.001498751

Table 1. Lower and upper bounds for some N > 1.
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Abstract

This paper continues our investigation of Rényi-type continued fractions studied in Lascu and
Sebe (A dependence with complete connections approach to generalized Rényi continued
fractions, Acta Math. Hungar. 160, 292-313, 2020). A Wirsing-type approach to the Perron—
Frobenius operator of the Rényi-type continued fraction transformation under its invariant
measure allows us to study the optimality of the convergence rate. Actually, we obtain upper
and lower bounds of the convergence rate which provide a near-optimal solution to the
Gauss—Kuzmin-Lévy problem.
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1 Introduction

In [6] we showed that every x € [0, 1] can be written as

N
x=1- N = [a17a25a37"']R9 (1'])

14+a; — N

1 +ar —
1+a3—.'-
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where N is a fixed integer greater than or equal to 2, and a,,’s are positive integers greater
than or equal to N.

For a fixed integer N > 2, we define the shift transformation Ry : [0, 1] — [0, 1], by
Ry(1) = 0 and Ry(x) = Rn(la1, a2, a3, ...]r) := la2, a3, a4, ...]g for x # 1. There is
another way to define Ry for x € [0, 1]. Denoting the floor function by |-] we have

N | N 0. 1)
Ry =11—-x |1=x| "™ (12)
0, x=1.

Since the case N = 1 refers to the Rényi interval map, we call the transformation in (1.2)
Rényi-type continued fraction transformation.

The digits or incomplete quotients of x with respect to the Rényi-type continued fraction
expansion are defined by

ay == ay(x) = a (R;l\/_l(x)) , n>2, (1.3)
with R?v (x) = x and
N .
a ::m(x):{[l—xJ ifx 1, (14)
o0 if x = 1.

These transformations belong to a wider one parameter family of interval maps of the form
T,(x) := ﬁ — Lﬁj, where u > 0, x € [0, 1). As the parameter varies in (0, 4) there
is a viable theory of a one parameter family of continued fractions, which fails when u > 4.
Named u-backward continued fractions, they possess some attractive properties which are
not shared by the regular continued fractions. A natural question was whether the dynamical
system given by the maps 7,, admits an absolutely continuous invariant measure. Grochenig
and Haas showed in [3] that the invariant measure for 7}, is finite if and only if 0 < u < 4
and u = uy # 4 cos? %, g = 3,4, .... They have identified that for certain values of u (for
example, if u = 1/N for positive integers N > 2) Ry := Ty/y has a unique absolutely
continuous invariant measure

dx

Y
10g(%> AX+N—1’

PN (A) ==

A € Bo,13, (1.5)

where B, 1) denotes the o -algebra of all Borel subsets of [0, 1].

It was proved in [3] that the dynamical system ([0, 1], Ry, pn) is ergodic. Using the
ergodicity of Ry and Birkhoff’s ergodic theorem [2] a number of results were obtained in
[3,4]. It should be stressed that the ergodic theorem does not yield any information on the
convergence rate in the Gauss—Kuzmin problem that amounts to the asymptotic behaviour
of u (R;,”) as n — oo, where u is an arbitrary probability measure on Bjg,1}. So that a
Gauss—Kuzmin theorem is needed.

Recently, in [6] we proved a version of a Gauss—Kuzmin theorem. Using the natural
extension for Rényi-type continued fraction expansions, we obtained an infinite-order-chain
representation of the sequence of the incomplete quotients of these expansions. Together with
the ergodic behaviour of a certain homogeneous random system with complete connections
this allowed us to solve a variant of the Gauss—Kuzmin problem. Following the treatment
in the case of the regular continued fractions [5], the Gauss—Kuzmin-Lévy problem for the
transformation Ry can be approached in terms of the associated Perron—Frobenius operator.
In Sect. 2 we focus our study on the Perron—Frobenius operator under the invariant measure

@ Springer



Convergence rate for Rényi-type continued fraction expansions

induced by the limit distribution function. In Sect. 3 we use a Wirsing-type approach [7] to
get close to the optimal convergence rate. By restricting the domain of the Perron—Frobenius
operator of Ry under its invariant measure py to the Banach space of functions which have a
continuous derivative on [0, 1], we obtain upper and lower bounds of the error which provide
a refined estimate of the convergence rate. The last section gives some interesting numerical
calculations.

2 Operator-theoretical treatment

Let ([O, 11, Bio,13, Rw, pN) be as in Sect. 1. In the sequel, we derive its Perron—Frobenius
operator. Let 1 be a probability measure on ([0, 1], Bjo,17) such that 1 (RNI(A)) =0
whenever u(A) = 0 for A € Bjp,1], i.e., the transformation Ry is u-non-singular. For
example, this condition is satisfied if Ry is p-preserving, that is, ;LR;,l = .

The Perron—Frobenius operator U associated with Ry is defined as the bounded linear and
positive operator on the Banach space L'([0,11, ) :=={f : [0,1] = C: fol | fldu < oo}
which satisfies

[vrau= [ rau foranger'won aekon. @b
A Ry (4)

or, equivalently

1 1
/ gUfdu :/ (goRy)fdu forall f e L'([0,1], w)and g € L([0, 1]). (2.2)
0 0

Here L°°([0, 1]) denotes the Banach space of A-essentially bounded functions defined on
[0, 1], where A is the Lebesgue measure. The existence and uniqueness of U f follows from
the Radon-Nikodym theorem. This implies also the existence and uniqueness of U.

In particular, the Perron—-Frobenius operator U of Ry under the Lebesgue measure is
given as follows ([1], p. 86):

d J@ :
Uf(x) T /R,;l([o,x]) f@)dt Z} RV a.e.in [0, 1]. (2.3)
reRy (x)
The following property is useful to prove the next proposition.

There exists f € Lo, 11, @) such that f > 0 and Uf = f ae. if and only if Ry
preserves the measure v which is defined as v(A) = f 4 fdu for A € Bjp,1). In particular,
U1 = 1if and only if Ry is u-preserving ([1], p. 80).

Proposition 2.1 The measure py in (1.5) is invariant under Ry in (1.2).

Proof Let vy the density measure of py, i.e, vy (x) := ﬁﬁ
N-T
sufficient to show that the function vy is an eigenfunction of the Perron—Frobenius operator

of Ry with the eigenvalue 1:

From above, it is

_ v (1)
Uvy(x) = Z TR (2.4)

teRy (%)
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First, we note that Ry' (v) = {1 = & 17 = N.x € [0, 11}, Thus,

N N I I
U = S EEE—— 1— =
Py ) l;,(xﬂ)f)”( x—i—i) 10g<NN)§V(x+i)(x+i—l)

1
— log(NL) TN =1 = vy (x).

[}

Proposition 2.2 Let ([0, 11, Bjo,17, Rn» ,oN) be as in Sect. 2, and let U denote its Perron—
Frobenius operator. Then the following holds:

(1) The following equation holds:

UF) =Y Pri() f (uni@). £ e L0, 11, pn), 2.5)

i>N
where Py ; and uy ; are functions defined on [0, 1] by

. x+N-—-1
Pnit) = e i D 20

and

uyi(x):=1- 2.7)

x+i
(ii) Let ju be a probability measure on ([0, 1], 8[0,1]) such that @ < X, i.e., u is absolutely

continuous with respect to the Lebesgue measure ) and let h := du/dX a.e. in [0, 1].
Then for any n € Ny :={1,2,3, ...} and A € Bjo,1}, we have

1 (Ry"(A) = /A U" f(x)dpn (x) (2.8)
where f(x) = (1og (NL)) (x + N — Dh(x) for x € [0, 1].

Proof (i) Let Ry ; denote the restriction of Ry to the subinterval 1 (i) := (1 —N— .L],
i > N, that is,

RNyi(x)=%—i, x e I@). (2.9)

Let C(A) = (Ry)~' (A) and C;(A) := (RN,i)’l (A) for A € Bjo.1}- Since C(A) =
U; Ci(A) and C; N Cjis anull set wheni # j, we have

fdpn Z/ fdpn, feL'(0,1),0n), A€ Bp.  (2.10)

c@ i=N
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Convergence rate for Rényi-type continued fraction expansions

For any i > N, by the change of variable x = (RN,,-)_1 (y) = un.;(y), we successively
obtain

/ £ (dx)—(lo (N>)_l/ LSRN
ey NG =08\ v X +N—1

(e (5259)) [ o o

=\ O+ D +i— 1)) V)Y

- /A Pri ) f (uni () pr(dy). @.11)
Now, (2.5) follows from (2.10) and (2.11).

(ii)) We will use mathematical induction. For n = 0, the Eq. (2.8) holds by definitions of f
and h. Assume that (2.8) holds for some n € N. Then

w(Ry V@) = (Ry" (Ry () = /C(A) U F) py(@x),  (2.12)

and by definition, we have

[ vrreen@o = [ Ut o, @.13)
C(A) A
Therefore,

2 (RX/("H)(A)) = /A U™ f(x)pw (dx) (2.14)
which completes the proof. O

Remark 2.3 Under the hypotheses of Proposition 2.2(ii) it follows that
W(RY"(A)) — pN(A) = f (U" f(x) = Ddpn (x), (2.15)
A

forany n € N and A € Byo,1), where f(x) := <log (%)) (x + N — Dh(x), x € [0, 1].

The last equation shows that the asymptotic behavior of /L(R,T," (A)) —pny(A)asn — ocois
given by the asymptotic behavior of the n-th power of the Perron—Frobenius operator U on
L'([0, 11, ).

3 Near-optimal solution to the Gauss-Kuzmin-Lévy problem

In this section we develop a Wirsing-type approach [7] to obtain a solution to the Gauss—
Kuzmin-Lévy problem in Theorem 3.4.

Let 1 be a probability measure on Bjg, 1} such that u <« A. For any n € N put Fj(x) =
w (R} < x), x € [0, 1], where RY, is the identity map. As (R}, < x) = RY"((0,x)), by
Proposition 2.2 (ii) we have

X U”fo(u)
Flix)= [ —2 dqu, N, 3.1
N () /0 itN—1 " "€ -1

where fl(\),(x) =x+N-1) (FI(\),)/ (x), x € [0, 1], where (Fl(\),)/ =dp/dr.
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We will assume that (Fj(\J,)/ e C'([0, 1]), the collection of all functions f : [0, 1] — C
which have a continuous derivative. So, we study the behavior of U" as n — oo, assuming
that the domain of U is C' ([0, 1]).

Let f € C ([0, 17). Then the series (2.5) can be differentiated term-by-term, since the
series of derivatives is uniformly convergent. Next, since

i+1—N i—N
x+i x+i—1

Py i(x) =
we get

WH'@ = 3| Pr) @ f (v () + Pra ) (i) () 0]

i>N

it1-N / N
= ; :((x IR v Ry >f (un,i(x)) + Py,i(x) f (un,i(x)) m}

:z—}-l—N
2
= (x +1)

N
[f (un,is1(0)) = f (un,i@0))] 4+ Prn.i () f (un,i(x)) m} ,

(3.2)

for any x € [0, 1]. Thus, we can write
W' ==Vvf. feco. 1, (3.3)
where V : C([0, 1]) — C([O0, 1]) is defined by
UN i+1(X)

o Jiri=N N(x+N—1)
Vex) = i;:v:()H_i)z . g(u)du+( DG )Sg(u/vl(x))}

34

with g € C([0, 1]) and x € [0, 1]. Clearly, (U" f)' = (=1)"V" f'.n € N, f € C'([0, 1]).
We are going to show that V" takes certain functions into functions with very small values
when n € Ny is large.

Proposition 3.1 For a fixed integer N > 2 there are positive constants vy < wy < 1 and a
real-valued non-positive function ¢ € C([0, 1]) such that

N (—oN) = Von < wy(—¢n). (3.5)

Proof ForR, :={x € R:x > 0},lethy : Ry — R be acontinuous bounded function such
that limy_, oo Ay (x) < 00. We look for a function gy : (0, 1] — R such that Ugy = hy,
assuming that the equation

Ugn(x) =Y Pni(r)gn (un.i(x)) = hy(x) (3.6)
i>N

holds for x € Ry. Reducing the terms of the series involved in (3.6) yields
hn@x)  hn(x+1) 1 ( x

, xeRy. (37
xAN-1  x+N  G+N-Da+MV\iF N

Hence

oy () = —~ hN<N”)—( N —1>hN<ﬂ+1) we 1], (3.8)
1—u 1—u 1—u 1—
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and we indeed have Ugy = hy since

x+N-—1 N
vano = ¥ e (1)

i=N
1 1 N
N—1 _ 1-—
=@ )Z<x+z—l x+l)gN< x+i>
i>N
h x—i—l—N hynx+i+1—N
(HN_DZ(N( ) | ))
x+i— X +1
i>N
h h i +1—N
C G AN-1D N(x) ~ lim N(x+l+. )
XxX+N—-1 i-o0 X+
=hy(x), xeR,. 3.9)
In particular, for any fixed t5 € [0, 1] we consider the function Ay s, : Ry — R defined
as
h (x) = ! eR (3.10)
N (X _eNx+tN+1’ o + '

where the coefficient ey will be specified later. By the above, the function gy 7, : (0, 1] - R
defined by

N Nx N Nx
= h — —1)h — 41
gN,tN(x) l—x NJN(I—X) <1—X ) N’[N(I—X—i_ )

N N-—-1+4+x

= _ .11
enNx+ (ty +1)(1 —x) en(Nx+1—x)+(y+ 1D —x) G-11)
satisfies
Ugn.iy(x) = hn gy (x), x €0, 1]. (3.12)
Setting
(pN,tN(x) = (gN,lN)/(x)
. —N(eyN —ty — 1) . N {2eny — (eyN —ty — 1)} 3.13)
CfenNx+(n + DA =0 fen(Nx+1—x)+ @y + DA —x)}2
we have
’ ’ eN
Vonmw @) = —(Ugny) (x) = —(hn ) (x) = m, x €10, 1].
(3.14)

Since gy 1y is adecreasing functionit follows that gy ;,, (x) < 0,x € [0, 1]. Also, V isalinear
operator that takes non-positive functions into positive functions. Therefore, Vo 1, (x) > 0,
x € [0, 1].

We choose ty by asking that (¢n 1y /V@n 1) (0) = (@n.,1y /V N 1y )(1). Since

(v +1)* [ —N(enN —ty = 1) N{2ey — (enN —ty — 1)} }

N VN ©) = n+17 en v+ D)

eN
(3.15)
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and

—2(ey + 1y + 1)?

3.16
ZN (3.16)

(‘PN,tN/V<PN,tN)(1) =

this amounts to the equation
Hy(ty) =20ty +en + D* + ey N2(1 =2N)(ty + 1) — e, N> =0.  (3.17)

We choose the coefficient ey such that the equation Hy (x) = 0, x € [0, 1], yields a unique
solution ¢y € [0, 1]. Asking that

dHy
Hy(0) <0, Hy(1) >0, and e >0, (3.18)

IN
we may determine ey (see “Appendix”). For this unique acceptable solution 7y € [0, 1] the
function ¢y ;y/V @n 1y attains its minimum equal to —2(ey + ty + 1)2/(212\,N) atx =0
and x = 1, and has a maximum m(tn) = ¢n .1y /VON, 1y max) < 0. It follows that

—2(ey +ty + 1)?
(en ! N+ 1) < ON,ty < m(y).
€NN V(pN,tN

QDN,ZN
(pN,tN

Since < 0 we get

_ 2
—mty) < ON .1y < 2(en +2t1v +1) _
Von.iy eyN

Therefore,
elzvN
2(ey + 1ty +1)2

It follows that for oy = @n 1, We have

(_(DN,tN) =< V(PN,tN <- (_‘PN,tN)~

m(ty)

v (—¢Nn) < Von < wy(—¢n),
where
ey N 1

= —— — and wy =-— .
20ey + 1ty +1)2 N )

UN

Remark 3.2 By (3.5) we successively get

v (—pn) < —V3ey < wh(—gn)
v (—on) < Vipn < w3 (—en)

v (—on) < (=D"TV oy <wi(—gn), neNy.
Corollary 3.3 Let £y € C'([0, 11) such that (f)’ > 0. Put

= min Madﬂ :maXM
¥ a0 (£9) (x) N el (£9) ()
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Convergence rate for Rényi-type continued fraction expansions

Then

(;l vy () () < (=D"V"(f) () < gle(fN) (x), neNy, xel0,1].

(3.19)

Proof Noting that ozN(fI(\),)’(x) < (—pn)(x) < ﬂN(fg)’(x) and using Remark 3.2 we can
write

F”"N(fzv) (x) = ﬁiv,\,( PN (x) < 57( D"V ey (x)

=DV (f) (x) <

(_1 n+1

IA

V'on (x)

IA

n€N+,

which shows that (3.19) holds. ]

Theorem 3.4 Let f](\), e ([0, 1) such that (f]?,)/ > 0 and let u be a probability measure
on Byo, 1) such that jp < A. For any n € Ny and x € [0, 1] we have

2
(log (%)) % % min (/9)/(0) - v Gr @)1 = G ()

< |n(Ry <x) —Gn(x)|

2

< <1Og <%)) % %N] Ien[gxl](f/v "(x) - wyGn(x)(1 = Gy (x)) (3.20)

where ay, By, vy and wy are defined in Proposition 3.1 and Corollary 3.3, and
1 log <x + N — 1)

log (%) N—1

Proof Forany n € Nand x € [0, 1] set d,,(Gn(x)) = u(RY, < x) — Gy(x), with Gy asin
(3.21). Then by (3.1) we have

Gn(x) = (3.21)

x o gn fO (Lt)
dy (G = | —X"du—Gy©).
(G (x)) /0 LEN T N (x)
Differentiating twice with respect to x yields
1 U" f(x) 1 1

1
d,’,(GN(x))log(NN)HN—1 Tx+N-1 log(NL>x+N—1’

2
1 1

10g<NL) x+N-—1

(U™ ) (x) = d (G (x)) nelN,xel0,1]. (3.22)

Hence by (3.3) we have
" N 2 n 0\
4G () = <10g <ﬁ>) e+ N =1 (U 79) @)
n N : n 04/
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forany n € N, x € [0, 1]. Since d,,(0) = d,,(1) = 0, a well-known interpolation formula
yields

x(1-x) ,
d,(x) = —?dn (&), neN,x e|0,1], (3.23)

for a suitable & = £(n, x) € [0, 1]. Therefore

Gy =Gy W)
2

— (—1)rt! N : _ no 0N/
(=D log| ¥ Env+N—=DVy(fy)En)

n(Ry <x) —Gn(x) = —

d, (Gn(EN))

Gy - GyX))
2

N \\*N
< (=" <10g (ﬁ» VU ENGN (1 = Gy ()
for any n € N and x € [0, 1], and another suitable £y = &y (n, x) € [0, 1]. The result stated
follows now from Corollary 3.3. O

4 Final remarks

We use the values obtained in “Appendix”.

Let us consider the case N = 3. The equation H3(x) = 0, with e3 = 0.8956735, has
as unique acceptable solution 3 = 0.4999967. For this value of t3 the function ¢ /V ¢,
attains its minimum equal to — 4.76939599403913 at x = 0 and x = 1, and has a maximum
m(t3) = (¢/V¢,)(0.423325998187593) = —4.62762782434937. It follows that upper
and lower bounds of the convergence rate are respectively O(w5) and O (v5) as n — oo,
with v3 > 0.20967015556054 and w3 < 0.216093436628214.

Let us consider the case N = 5. The equation Hs5(x) = 0, with es = 0.4088150, has
as unique acceptable solution #5 = 0.5000000. For this value of t5 the function ¢y /V ¢y,
attains its minimum equal to — 8.72035227508647 at x = 0 and x = 1, and has a maximum
m(ts) = (@r5/V @15)(0.457198440687485) = — 8.64358828233062. It follows that upper
and lower bounds of the convergence rate are respectively O (w5) and O(vs) as n — oo,
with vs > 0.114674266412028 and ws < 0.115692692356046.

Finally, let us consider the case N = 100. The equation Hjgo(x) = 0, with ejg0 =
0.0152027, has as unique acceptable solution #1990 = 0.4999998. For this value of ty
the function @y, /V @1, attains its minimum equal to — 198.668858764086 at x = 0
and x = 1, and has a maximum m(t100) = (Pr00/V Pr100)(0.49804751660470764) =
— 198.66555309796482. 1t follows that upper and lower bounds of the convergence rate
are respectively O (wy,) and O (v],) as n — oo, with vigp > 0.00503350150708559 and
wigp < 0.00503358526129032.

N =3 v3 > 0.20967015556054 w3 < 0.216093436628214
N=5 vs > 0.114674266412028 ws < 0.115692692356046
N =100 v1p0 > 0.00503350150708559 wiop < 0.00503358526129032
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Appendix

Imposing conditions (3.18) and using MATHEMATICA we obtain

N eN 1Y%

2 2.1780250 0.4999997

3 0.8956735 0.4999967

4 0.5616365 0.5000001

5 0.4088150 0.5000000

10 0.1730660 0.5000007

15 0.109754 0.4999972

20 0.080357 0.5000078

25 0.063380 0.4999999

30 0.052326 0.5000149

40 0.038793 0.4999972

50 0.030822 0.5000046

100 0.0152027 0.4999998

1000 0.00150201 0.5000073

10000 0.00015002 0.4999999
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